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The problem of helicopter rotor wake aerodynamics during maneuvering flight
conditions was analyzed using a time-accurate, free-vortex wake methodology. The
free-vortex method consists of a Lagrangian representation of the rotor flow field us-
ing vortex elements, where the evolution of the flow field is simulated by tracking the
free motion of these vortex elements and calculating their induced velocity field. Tra-
ditionally, free-vortex methods are inviscid, incompressible models, but in the present
approach the viscous effects are incorporated using a viscous splitting method where
the viscous and inviscid terms are modeled as successive sub-processes. The rotor
aerodynamics and rigid blade flapping dynamics are closely coupled with the wake
model and solved for in a consistent manner using the same numerical scheme.
Validations of the methodology with experimental data were performed to study
the wake response to perturbations in collective and cyclic pitch inputs. The numerical
simulations captured all the essential wake dynamics observed in flow visualization.
The predictions of the transient inflow and airloads response were found to be in ex-
cellent agreement with the available experimental measurements. It was observed
that the rotor wake was extremely sensitive to perturbations in collective and cyclic
blade pitch inputs. The characteristic wake response was found to be the bundling of
the wake vorticity into a vortex ring structure. The evolution, convection and subse-
quent breakdown of this bundled ring of tip-vortices was found to be highly nonlin-
ear, and occurs with a temporal lag. The nonlinear induced velocity field associated
with unsteady wake evolution can cause considerable fluctuations in the rotor airloads
time-history if the bundled tip-vortex structure comes into close proximity to the ro-
tor blades. Furthermore, the interaction of these tip-vortices with the blades results
in steep gradients in the rotor airloads across the rotor disk, thereby contributing to
impulsive rotor noise.
Several free-flight maneuver simulations were analyzed to gain better insight into
the unsteady, nonlinear wake development under high-rate, large-amplitude maneu-
vers such as roll to starboard or port, roll reversals, and the quickstop maneuver. It
is shown that the rotor wake response in almost all maneuvering flight conditions is
highly nonlinear and emphasizes the need to accurately predict the transient wake
aerodynamics to obtain accurate estimates of the unsteady rotor airloads and the re-
sulting rotor acoustics.
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rc Viscous core radius of a vortex filament, m
rc0 Initial core radius of a vortex filament, m
r Position vector of collocation point, m
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t Time, s
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V Velocity vector at collocation point, m
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Vi Induced inflow velocity at a given blade section, ms−1
Vi Induced velocity vector at collocation point, ms−1
Vman Velocity component introduced by helicopter maneuver, ms−1
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Vv Convection velocity of a vortex filament, ms−1
Vθ Tangential swirl velocity associated with a vortex, ms−1
x, y, z Cartesian coordinate system, m
x Vector of control input parameters
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α Blade sectional angle of attack, rad
α0 Zero-lift angle of attack, rad
α1 Transition point corresponding to f = 0.7, rad
αD Drag divergence angle of attack, rad
β Semi-vertical angle of the radiation cone, rad
xxxiii
β Blade flapping angle, rad
β0 Blade coning angle, rad
β1c Lateral cyclic flap angle, rad
β1s Longitudinal cyclic flap angle, rad
Γ Circulation associated with a vortex filament, m2s−1
Γb Bound circulation along the blade, m2s−1
Γt Trailed circulation in the near wake, m2s−1
Γv Circulation associated with a finite length filament, m2s−1
γ Interaction angle of a vortex filament with the rotor blade, rad
∆Cn Change in normal force coefficient
∆l Change in the length of a vortex filament, m
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∆S Change in the cross sectional area, m2
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Chinese flying tops and Leonardo da Vinci’s aerial screw drawings are testimony
to mankind’s fascination with rotary winged vehicles over the centuries. Rotorcraft
posses the unique ability to hover motionless and take-off or land vertically, which
have made them indispensable in many military and civilian applications. While at-
tempts to build a manned helicopter started around the same time as the development
of fixed-wing aircraft (at the end of nineteenth century), the first successful flight did
not occur until the late 1930s, almost three decades after the successful flight of an
airplane. Even to this day, advancements in rotorcraft have always lagged behind their
fixed-wing counterparts.
Over the last few decades, there has been considerable research into mitigating
obtrusive noise and vibration issues and in designing aerodynamically efficient heli-
copters. However, the efforts have met with only a limited success. This is because
the fundamental principles governing the flight of rotary-winged vehicles are very
complex, and essential technical aspects have not yet been fully understood. The
complex physics governing the rotor wake aerodynamics has been identified as one
of the primary aspects critical for predicting all aspects of helicopter flight. This is
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especially true in maneuvering flight, where the wake dynamics and its interactions
with the rotor blades can become exceedingly complex.
While several experiments and flight tests have been conducted in steady state
flight conditions to characterize the nature of the wake geometry and its effect on
the rotor performance, few studies of the rotor wake under unsteady, maneuvering
flight conditions have been performed. Performing measurements under maneuver-
ing flight conditions is also a daunting task, and as of yet very little has been done to
measure loads and performance etc. Furthermore, existing numerical tools lack the
fundamental capability to capture all the essential features of the rotor wake aerody-
namics necessary to gain better insight into free flight maneuvers. The development
of numerical tools capable of predicting the unsteady flow features of maneuvers is
essential for the development of quiet and efficient helicopters.
In this introductory chapter, an overview of the aerodynamic environment as-
sociated with a rotor in steady flight and in maneuvering flight will be presented.
The physical features governing the generation of the aerodynamic forces will be ex-
plained, and the challenges encountered in predicting these effects will be outlined.
The rotor wake aerodynamic behavior in response to perturbations in the control pitch
inputs will then be discussed. This will be followed by a brief survey of the method-
ologies adopted by researchers to solve the rotor wake problem in unsteady flight
conditions and their limitations within the context of maneuvering rotor problem. The
chapter will conclude with a summary of the objectives of the work and an outline of
the dissertation.
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1.1 Challenges in Predicting Helicopter Aerodynamics
For controlled flight, an aircraft has to generate three different forces: 1. Lift to bal-
ance the weight of the aircraft, 2. A propulsive force to overcome the aerodynamic
drag, and 3. Control forces to maintain the aircraft in a desired orientation and fly
along the desired trajectory. In a fixed-wing aircraft, these three forces are generated
in different ways: the lift to counteract the aircraft’s weight is generated by the wings,
the propulsive forces are generated by propellers or jet engines, and the control forces
are generated by fixed surfaces such as ailerons, elevators, rudder and flaps. Because
of the specific functionality of different control surfaces there is little or no coupling
between the dynamic response of the fixed-wing aircraft to control inputs, i.e., a lon-
gitudinal control stick input produces only a nose up or nose down response without
generating much of a yaw or a roll response.
In a conventional helicopter, the main rotor generates most of the lifting, propul-
sive and control forces. The lifting and propulsive forces are generated by tilting the
rotor tip-path-plane (TPP) relative to the rotor shaft – see Leishman (Ref. 1). The
net integrated thrust generated by the rotor is controlled by adjusting the pitch (the
collective pitch) of the rotor blades simultaneously. Tilting the TPP requires differen-
tial aerodynamic forcing on the individual blades by introducing differential or cyclic
pitch inputs. The net pitch at any rotor blade section is a combination of the collective,
and the lateral and longitudinal cyclic pitch inputs, which varies as a function of the
azimuth. Furthermore, the blades have freedom of motion about blade flap and lag
hinges. The flap, lag, and pitch modes are closely coupled through centrifugal, Corio-
lis, inertial and aerodynamic forces acting on the rotating blades. The close coupling
of the rotor modes complicates the dynamic response of a helicopter. For example,
unlike a fixed-wing aircraft, a longitudinal stick input in a conventional helicopter
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not only produces a nose up/down moment, but also results in a significant off-axis
response, a rolling moment for example.
Accurate prediction of the dynamic response of the helicopter in free flight re-
quires the capability to model all the forces and moments accurately, and this is a
significant challenge task for the helicopter analyst. Deficiencies in modeling of rotor
wake dynamics and the resulting induced inflow is known to be a key culprit in lim-
iting predictive capability for flight mechanics simulations (Refs. 2–5) and also for
aeroacoustic predictions (Refs. 6–10).
1.1.1 Aerodynamics of the Rotor Blade
As mentioned previously, rotor aerodynamics plays a very important role in determin-
ing the rotor response. The lift and drag forces generated at any blade section depend
primarily on the effective incident velocity, UT , and the blade pitch, θ. The pitch at
any given instant is a function of the collective (θ0), cyclic (θ1s,θ1c) pitch and the
blade twist, (θtw). For an elastic blade, the blade pitch at any location will also be a
function of the elastic blade torsion. Besides the effective velocity and the blade pitch
angle, the rotor airloads are heavily influenced by the vorticity present in the wake.
The vorticity present in the the wake is generated at the rotor blades and is a function
of the lift generated by the blade sections. The wake vorticity induces a downwash,
Vi, at the rotor blade sections which decreases the effective angle of attack at these
sections under most flight conditions.
Furthermore, in forward flight, the effective tangential velocity at any blade sec-
tion is a function of the rotor azimuth and the radial location. Notice that for in-
creasing forward flight speeds, certain regions on the retreating side of the rotor disk
experience a reverse flow which decreases the lift generated at these sections. The
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net induced angle of attack is also a function of the incident velocity and varies as the
blades rotates. The flow field around the rotor blades is effectively unsteady, even for
steady flight conditions. Furthermore, for an elastic blade, the angle of attack is also
a function of blade bending and torsion arising from the flap, lag, and pitch motion.
1.1.2 Structure of Rotor Wakes
For a fixed-wing, the wing constantly moves away from the vorticity deposited into
the flow field from the trailing edges and wing tips. Therefore, the induced effects of
the wake vorticity on the wing is not significant beyond a few chord lengths behind
the trailing edge. In contrast, the rotor blades, by virtue of their rotational motion,
constantly interact with the wake vorticity that is shed and/or trailed from individual
blades over several rotor revolutions. Furthermore, the wake structure is a function of
the flight condition. The wake vorticity quickly rolls up into root and tip vortices. The
tip vortices are the most dominant structures in the rotor wakes. The effect of the in-
board sheet is pronounced only for a few chord lengths beyond the trailing edge. The
tip vortex is nominally helical in hovering flight condition, but becomes progressively
more distorted and intertwined as the forward flight speed of the rotor is increased.
Figure 1.1 shows representative geometries of the rotor tip vortices as they are con-
vected in the flow field for hovering and forward flight conditions. Notice especially
the intertwined and skewed structure on the advancing and retreating side of the rotor
in forward flight. The induced velocities from the wake are a function of the wake
geometry and, therefore, the wake structure varies depending on the flight condition.
Interactions of these tip vortices with the rotor blades are responsible for many
adverse effects such as unsteady impulsive airloads, blade–vortex interaction (BVI)





Figure 1.1: Wake geometries showing the topologies of the tip vortices for a helicopter
rotor in hovering and forward flight conditions.
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interactions (Refs. 15, 16). As the tip vortices come into close proximity to the rotor
blades, the induced velocities locally alter the angle of attack at these blade sections,
which result in a temporal fluctuation of airloads. The steep gradients in the lift time-
history give rise to impulsive noise commonly known as BVI noise (Ref. 11). The
intensity of this noise depends on the strength of the vortices, the viscous core radius
of the vortex, the miss distance between the blade and the vortices, the location of the
interaction on the rotor disk, and the relative velocity of the tip vortex relative to the
rotor blade (Refs. 17, 18).
It is clear from the preceding discussion that the dynamic response of the rotor
blades is inherently coupled with the aerodynamics of the rotor blade and the wake
aerodynamic response. The blade flap, lag, and pitch degrees of freedom are a func-
tion of the aerodynamic forces generated at the blade sections. The aerodynamic
forces are a function of the blade sectional angle of attack. This, in turn, depends on
the incident and the wake induced velocities, as well as the effective velocities from
flap, lag, and torsion modes. The wake vorticity, and, therefore, its induced velocity
at the rotor blade sections, is a function of the blade aerodynamic lift. Any numerical
model capable of predicting the trimmed flight of a helicopter at any desired flight
condition must be capable of modeling accurately the physics associated with: (a) the
flap, lag, and torsion moments experienced by the rotating blade, (b) unsteady aero-
dynamics at the rotor blade sections, (c) the highly nonlinear wake induced velocity
field across the rotor disk, and (d) the generation of vorticity at the rotor blades.
The numerical simulation of helicopter flight, even for steady flight conditions,
quickly becomes a computationally intensive process of solving for the blade elastic
deformations, and tracking the vorticity in the flow field and its integrated induced
velocity effects at each rotor blade section in a consistent and time-accurate manner.
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The process of tracking the convection of the wake vorticity has posed the biggest
challenge to the rotorcraft analyst, and has been solved only subject to several major
simplifying assumptions.
Various induced inflow models have been proposed over the years, based on both
experimental and theoretical considerations, which provide reasonable approxima-
tions to the wake induced inflow at the rotor disk, at least for steady, level flight
conditions. The validity of these approximations are questionable for maneuvering
flight conditions, and also for flight conditions where there is a preponderance of en-
hanced blade–vortex interactions, such as descending flight. Vortex ring state can
be considered as an extreme example of such a flight condition where the flow field
around the rotor breaks down completely, and traditional linearized methods of anal-
ysis are unsuitable for analysis of these flight regimes. Existing methodologies are
incapable of capturing the finer details of wake interactions even under nominally
steady flight conditions such as hover in ground effect, or hovering flight of coaxial
rotors where the wake vorticity from the upper rotor interacts with the blades of the
lower rotor (Refs. 19, 20).
1.1.3 The Maneuver Problem
The flight capabilities of a helicopter are often limited by the types of maneuvers it
can perform and, therefore, the behavior of helicopter under transient, maneuvering
flight is of particular interest to the rotor analyst. To perform a maneuver, the pilot
perturbs the helicopter from its steady operating condition or transitions from one
steady operating condition to another by applying appropriate control inputs. The
accelerations experienced by the helicopter during the course of a maneuver cause a
time variation of the freestream velocities, as well as to introduce additional velocity
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components depending on changes in the roll, pitch, and yaw attitudes of a helicopter.
The changes in the operating conditions alter the lift generated at individual blade
sections and, therefore, the vorticity shed and/or trailed into the wake. The wake it-
self evolves in a highly nonlinear fashion during the course of the maneuver. Various
researchers have studied the wake dynamics during unsteady flight conditions such as
wake evolution for an impulsively started rotor (Ref. 21), inflow and airloads response
to ramp changes in the collective pitch (Ref. 22), inflow response to harmonic oscil-
lations of collective and cyclic pitch inputs in hovering flight (Ref. 23) and in forward
flight conditions (Ref. 24).
Experimental evidence indicates that the wake is highly sensitive even to small
perturbations in the collective pitch inputs and the resulting response is highly non-
linear in nature. Under these conditions, the wake has a tendency to bundle into a
toroidal “ring” structure of accumulated vorticity, which persists as long as the condi-
tions promote it. The formation, convection and the intensity of this toroidal structure
depends on the operating conditions and the nature of control pitch inputs applied.
The bundled “ring” structure is clearly evident in Fig. 1.2, which is a photograph of
the balsa dust flow visualization of an impulsively started rotor from the experiments
of Taylor (Ref. 21). The toroidal structure can be considered analogous to the starting
vortex shed from an airfoil in response to a change in angle of attack (Ref. 25).
Depending on the intensity of the bundling, these structures can cause steep gradients
in the local induced velocity field and also a net increase in the average induced inflow
at the rotor plane. Figure 1.3 shows a good example of the bundling of wake tip
vortices during a starboard roll maneuver. Under certain operating conditions, the
vortex bundles can come into close proximity to the rotor blades resulting in more
intense forms of BVIs (so called “super-BVI.”)
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Figure 1.2: Photograph showing evidence of vortex bundling during the wake evolu-
tion of an impulsively started rotor. Photograph from Taylor (1950).
The measurements of transient inflow and the thrust time-histories in the experi-
ments of Carpenter & Friedovich (Ref. 22) show considerable nonlinearities that can
be attributed to the induced effects of the wake at the rotor tip-path-plane (TPP). For
increasing ramp rates, significant overshoots of the instantaneous thrust values, in
some cases twice the final steady state value, were observed. A further complication
is that the aerodynamic response at the rotor to the changes in the flight condition is
not instantaneous, and occurs with an aerodynamic lag in terms of rotor revolutions.
Unsteady effects introduced by time-varying control inputs affect the strength of the





















Figure 1.3: Top view of the instantaneous wake geometry of a rotor executing a star-
board roll maneuver showing the bundling of the wake tip vortices.
affect the resulting wake evolution. This produces a hereditary effect on the net rotor
response.
It has also been observed that the wake response depends very much on the type
and sequence of control input perturbations. Experiments by Ellenrider & Brinson
(Ref. 23) show significant differences in the amplitude and phase response of inflow
for harmonic excitations of collective or cyclic pitch inputs. In reality, an actual ma-
neuver is usually performed by introducing various control inputs simultaneously. To
obtain reliable predictions of the transient dynamic response of the helicopter, the cu-
mulative effects of all these perturbations on the rotor wake evolution must be solved
for consistently. While in many practical cases control inputs are smaller in amplitude
and are applied at low frequencies, the effects on the wake can be quite subtle and can
have pronounced nonlinear effects on the resulting aerodynamic response of the rotor.
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The persistence of unsteady conditions over long time scales and the inherent non-
linearities in the wake evolution mean that the simulations of wake evolution under
maneuvering conditions cannot be carried out using simplified quasi-steady forms of
analyses.
1.2 Survey of Existing Rotor Wake Models
The crux of the rotor wake aerodynamic problem is the estimation of the induced ve-
locity field at the rotor disk. The simplest analysis for the estimation of the induced
inflow is the so-called momentum theory analysis, first developed by Rankine (1865)
for axial turbine flow. The theory was extended later by Froude (1878) and general-
ized by Glauert (1928). The momentum theory is useful for estimating the average
inflow across the rotor disk, and the induced power requirements for a given operating
rotor thrust.
A combination of the momentum theory with blade element theory (BET) pro-
vides a radial variation of the induced inflow distribution depending on the operating
thrust and properties of the blade, such as the sectional chord, the blade twist, and
the airfoil characteristics. More complicated approaches for the estimation of the in-
duced angle of attack at the blade sections using vortical wake was pursued by several
researchers in the early 1920s. This appears to be the basis for the vortex methods
for helicopters existing today (Refs. 1, 26). The combined blade element–momentum
theory approach has proved a very successful and reliable engineering tool and is used
extensively in preliminary design analysis even to this day.
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1.2.1 Inflow Models
Several linear inflow models have been developed for forward flight conditions that
can be used with the blade element theory to predict the rotor performance in for-
ward flight conditions. For example, inflow models of Drees (1949) and Mangler
& Squire (1950) provide good approximations to the longitudinal and lateral inflow
variations across the rotor disk at moderate to high advance ratios – see Refs. 1, 27
for further details. However, these inflow models are valid only for steady flight con-
ditions. The unsteady inflow at the rotor blade sections can be very different during a
transient maneuver for successive rotor revolutions.
A popular approach to approximating the unsteady inflow is to account for the
unsteady effects on the net thrust and moments. This approach was first explored by
Carpenter & Friedovich (Ref. 22) in their analysis of the rotor thrust response during
jump takeoff conditions in an autogiro. In this study, the rotor thrust was written using
a modified form momentum theory equation where the unsteady forces were attributed
to an apparent mass effect, i.e., inertia of the fluid surrounding the rotor. The change
in the inflow can then be rewritten as a simple first-order differential equation that
relates the perturbations in inflow to the changes in the rotor thrust.
A more generalized formulation for forward flight condition is to use a linear
perturbation to the inflow as a function of the radial and azimuthal position of the
blade. The dynamic inflow components are then related to the perturbation forces on
the rotor disk, the rotor thrust CT , the pitching moment CMy and the rolling moment
CMx respectively using actuator disk theory – see Johnson (Ref. 27) for more details.
Other approaches have used vortex theories to determine the time constants and
coupling matrices. A popular formulation of the dynamic inflow model is given by
Pitt & Peters (Ref. 28). The Pitt–Peters model has been generalized into a finite state
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model by Peters and his colleagues (Refs. 29–31). The dynamic inflow models have
found extensive use in comprehensive aerodynamic analyses for rotor aeroelasticity
and helicopter flight dynamics problems (Refs. 32–34).
1.2.2 Classical Vortex Models for the Rotor Wake
Vorticity based models represent the flow field, mainly the wake structure, using dis-
crete elements of vorticity. These methods were first developed for the analysis of
axial flow in turbines and propellers (Ref. 35). The classical vortex theories were
based on a prescribed wake model first developed by Goldstein (Ref. 36). The de-
velopment of rigid wake models involved the simplification of the nonlinear source
terms in the governing equations using average constant velocity terms obtained from
momentum theory considerations. The simplified linear equations were then solved
analytically to obtain a wake geometry composed of undistorted, uniformly-spaced,
helical filaments. The effect of the wake on the induced velocity of the rotor disk can
then be obtained by the application of the Biot–Savart law (see Ref. 37, pp. 87). The
self induced effects of the wake and the wake contraction effects were neglected in
this approach.
Landgrebe (Ref. 38), based on extensive flow visualization measurements, devel-
oped a semi-empirical wake model applicable to hovering flight, for both the tip vor-
tex and the inboard sheet, as a function of the rotor geometry and the operating thrust
in hovering flight. This was motivated by the earlier lack of success in predicting the
hovering wake using time-marching, free-vortex wake algorithms (Ref. 39). The need
for improved wake models for performance analysis in hovering flight, especially the
capability to model the wake contraction, was identified by Jenny et al. (Ref. 40). Pre-
dictions of the inflow and the rotor performance based on Landgrebe’s model were
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found to be better than those based on the classical rigid wake models.
Kocurek & Tangler (Ref. 41) proposed a semi-empirical model similar to that of
Landgrebe based on measurements made on a sub-scale rotor. Similar prescribed
wake models for forward flight have been proposed by Egolf & Landgrebe (Ref. 42)
and Beddoes (Ref. 43) using semi-empirical functions to obtain the distorted wake
structure during forward flight. Despite their simplicity and computational efficiency,
prescribed wake models suffer from a major drawback in that their application is
limited to flight regimes and rotor geometries for which experimental data is already
available. Furthermore, these models cannot predict the distortions of the wake and
the bundling of tip vortices, discussed previously in Section 1.1.3, and, therefore, they
are inadequate for maneuvering rotor applications.
1.2.3 Free-Vortex Wake Models
Free-vortex wake methods present the next level of modeling complexity over pre-
scribed wake models. In this approach, the velocities induced by the vorticity in
the wake are computed by repeated application and numerical integration of Biot–
Savart law over all vortex elements. Several researchers have used different vortic-
ity elements to describe the flow field, for example, finite straight line-vortex seg-
ments (Refs. 44, 45), finite curved line-vortex filaments (Ref. 46), and three-dimensional
vortex blobs (Ref. 47).
The most common implementation found in literature is the finite straight line
segment formulation. Under inviscid, incompressible assumptions, Helmholtz’s law
states that the vortex lines move as material lines (Ref. 48). The motion of the discrete
elements to force free locations under the influence of the induced velocity field is then
computed using the Navier–Stokes equations (Ref. 49). The strengths and the origin
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of these vortex elements are obtained from the rotor blade aerodynamic and flap-
ping solutions to satisfy the Kutta–Jukowski condition (Ref. 37). Free-vortex wake
methods are broadly categorized into relaxation methods and time-marching methods
depending on the numerical algorithm used to solve the wake governing equations.
Relaxation Based Free-Vortex Wake Methods
Relaxation (or iteration) based free-vortex wake methods assume periodicity of the
rotor wake solution. The wake is allowed to distort freely under the influence of the
induced velocity field from an initial solution, which is usually a prescribed wake so-
lution. The vortex elements are tracked using wake markers, and the governing equa-
tions are solved at these discrete markers. The numerical scheme uses a relaxation
parameter for updating the position vectors of the wake markers, i.e., position updates
at each iteration is a weighted average of the old and new solution. The wake solution
is “relaxed” successively until the position vectors remain essentially unchanged over
successive iterations.
The earliest implementation of the relaxation methodology found in literature is
that of Clark & Leiper (Refs. 50, 51) for hovering rotor performance analysis. Only
the first two revolutions of the tip vortex were modeled as free-vortex filaments. The
far wake was modeled as a set of thirty ring vortices to minimize the effect of wake
truncation. The spacing between the vortex rings in the far wake was a function of
the number of rotor blades, and the vortex ring radius was obtained based on the final
turn of the free tip vortex. The method was shown to predict hover performance of
isolated rotors relatively successfully.
After unsuccessful attempts with time-marching algorithms, Scully (Ref. 52) de-
veloped a weighted-averaging scheme for calculating the induced velocity field at the
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wake markers. It was found that the weighted averaging procedure increased the over-
all stability of the numerical scheme. Both hover and forward flight conditions were
studied using this algorithm. For analysis of hovering flight, the wake was modeled
using six to twelve turns of the tip vortex. A semi-infinite vortex cylinder was used to
approximate the far wake condition. The wake was represented using finite straight
line segments, with an azimuthal resolution of 15◦. The scheme used a viscous core
growth model, which became very popular and is used in rotor wake analyses even
today, but with several additional improvements. In forward flight, the number of
wake turns was adjusted depending on the advance ratio and varied from two to four
turns over the flight conditions studied. The wake model was used in the computation
of higher-harmonic loads. However, a large vortex core size was used to avoid impul-
sive airloads from blade-vortex interactions (BVIs). This scheme was later adapted
by Johnson in the development of CAMRAD (Ref. 53).
Miller (Ref. 54) modeled the rotor blades as Weissinger-L lifting surfaces along
with a semi-infinite trailed wake. The wake was assumed to roll up into a tip vortex, an
inboard trailer and a root vortex. Only four turns of the trailer vortices were modeled
and the far wake condition was approximated using a semi-infinite vortex cylinder,
as used by Scully (Ref. 52). The starting solution for the wake was arrived at based
on momentum considerations. It was shown that the inclusion of the root vortex had
negligible effect on rotor hover performance analysis.
Bliss et al. (Ref. 55) used curved vortex filaments to account for the self-induced
velocities. The numerical algorithm used a predictor-corrector approach. Replac-
ing straight line filaments with curved filaments allowed for coarser discretizations,
and claimed to improve computational efficiency without significant loss of accuracy,
specifically for hover and axial climb flight conditions. The core model used a very
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large core radius (5% of the rotor radius or greater than 50% of the blade chord)
and had provision for an inboard vortex sheet. The far-field wake was composed of
stacked ring vortices composed of four curved filaments. A sink singularity was in-
cluded in the far wake to conserve mass flow and to improve stability of the numerical
scheme. However, numerical convergence was only achieved for axial climb condi-
tions. Later, Bliss et al. (Ref. 56) used a “self-preserving wake” concept to replace the
time derivative in terms of an azimuthal and space derivative, along with the iterative
scheme used in their previous work. A far-field boundary condition was imposed us-
ing constant radius, constant pitch helical filaments extending to infinity. Converged
solutions for hover were achieved using the “self-preserving wake” concepts.
Quackenbush et al. (Ref. 57) extended this methodology to analyze the rotor air-
loads and performance estimates in hovering flight. An eigenvalue analysis based
on the induced influence coefficients showed several unstable modes corresponding
to positive eigenvalues that were linearly dependent on the rotational frequency of
the rotor. The tip vortex structure in hovering flight was shown to be unstable, an
observation corroborated by flow visualization experiments.
Crouse & Leishman (Refs. 16, 58) utilized a predictor-corrector sequence with
a central differencing scheme for the space discretization of the governing equations.
The method was used to study rotor/airframe interactions, and it was shown that using
a predictor-corrector algorithm greatly improved the stability of the numerical scheme
in comparison to explicit schemes.
Bagai (Ref. 59) developed the concepts of predictor-corrector algorithm used by
Crouse & Leishman into a comprehensive relaxation methodology. A five-point cen-
tral differencing scheme was adopted for both the space and time discretizations. A
pseudo-implicit predictor-corrector scheme with a suitable relaxation parameter was
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used to converge the wake solution in an iterative manner. A Weissinger-L blade
model was used to obtain the strengths of the bound circulation on the rotor blade. A
centroid of vorticity approach was used to determine the release points of the trailed
tip vortices. Methods to determine the strengths of the trailed vortices were developed
based on the bound circulation on the blade. For hovering flight, boundary condition
turns were introduced to overcome the non-physical wake expansion because of wake
truncation. Velocity field interpolation techniques were developed to allow for un-
equal discretizations steps in the time and space. The methodology was successfully
used in the analysis of the rotor wake geometry, the induced velocity predictions of
isolated rotors in both hover and forward flight (Refs. 60, 61) and also for coaxial and
tandem rotor configurations (Ref. 15). The code was released as the Maryland Free
Wake (Refs. 62, 63), and is used extensively in several comprehensive rotor and flight
dynamic simulations (Refs. 33, 64).
Time-Marching Free-Vortex Wake Methods
A time-marching algorithm allows the free-vortex wake models to capture the tran-
sient wake aerodynamics, and is an attractive option for the simulation of unsteady or
maneuvering flight conditions. It has been shown that the wake of a helicopter rotor
is aperiodic, even for nominally steady flight conditions such as hover (Refs. 57, 65,
66). Therefore, the numerical algorithm must be robust enough to capture the aperi-
odicity in rotor wakes, while keeping the errors from numerical approximations to an
acceptable minimum.
Pioneering work with time-marching algorithms was done by Crimi (Ref. 67) in
1965. Two years later, Scully (Ref. 68) developed an explicit Euler time-marching
algorithm for rotor wake simulations. However, a converged solution of the wake in
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hover was not obtained because of numerical instabilities. Setbacks with the time-
marching algorithm motivated Scully to develop the “relaxation-based” algorithms
that have been discussed in the previous section.
Landgrebe (Ref. 39) used an explicit time-marching approach to solve the rotor
wake problem in forward flight. The wake was discretized into straight line vortex fil-
aments, with a relatively coarse discretization of 15◦ to 30◦ because of computational
limitations. The wake was truncated after five turns to keep the number of vortex
elements required for computation to a minimum. This was achieved by adding a
new filament near the blades at every iteration and deleting the last segment. The
method distinguished between the “near” and “far” wake. Induced velocities from
the “far” wake were computed only once to facilitate faster computations. A viscous
core size of 1% of the rotor radius was assumed, and it was argued that the results
were insensitive to the viscous core radius. The computations showed good correla-
tion with experimental results for forward flight. However, hovering flight conditions
could not be modeled because of numerical instabilities found in the wake solution.
This motivated the development of the famous Landgrebe’s prescribed wake model,
as discussed in Section 1.2.2 of this dissertation.
Sadler (Ref. 69) applied an explicit Euler time-marching scheme to study the
wakes of multiple rotor configurations. Both the trailed and shed wake were mod-
eled in the near wake, while the far wake consisted of only one tip vortex trailed from
each blade. Straight line segments were used to model the shed and trailed wake. A
vortex core model, similar to a Rankine vortex (Ref. 70), was used to represent the
vortex filaments, and the core radius was adjusted based on experimental observa-
tions. The rotor was started impusively from rest and a minimum cutoff distance was
prescribed to avoid high induced velocities. The scheme worked well for the forward
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flight conditions analyzed, where the instabilities were less severe than in hovering
flight.
Bliss et al. (Ref. 71) analyzed the use of curved vortex segments in a time-marching
scheme, and showed that the curved segments were more accurate than straight line
segments for large discretizations. The scheme used a predictor-corrector method to
solve the governing equations of the wake. A far-wake boundary condition, based
on momentum considerations, was applied. The scheme was applied mainly to study
forward flight conditions (Ref. 72).
A vortex lattice was used to represent the rotor wake in the time-marching scheme
developed by Egolf (Ref. 73). The study focused on high-speed forward flight con-
ditions. The effect of vortex core size was examined and was found to be an impor-
tant parameter affecting the modeling of rotor wakes. A larger core radius resulted
in “smoother” airload predictions. The convergence condition was based on time-
averaged thrust rather than actual wake convergence.
A constant vorticity contour methodology has been developed for the analysis of
the rotor wake in the comprehensive rotor analysis code, CHARM (Refs. 46, 74). The
vortex elements track the regions in the flow field, which have the same circulation
strengths. The approach uses curved line segment filaments, which allows for coarser
resolutions (> 30◦) without significant loss in the accuracy of induced velocity com-
putations. The method has been applied to the study of wake/airframe interactional
aerodynamics (Ref. 75) and BVI noise predictions (Ref. 76).
Brown (Ref. 77) developed a grid based, Eulerian formulation of the Navier–
Stokes equation written in velocity–vorticity form, called the vorticity transport method
(VTM). This methodology addresses the deficiencies inherent in the Eulerian ap-
proaches, namely the numerical diffusion of the vorticity in the computational do-
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main. The model is capable of representing the blade-wake interactions, as well as
giving a very realistic simulation of the evolution of the vortical wake (Ref. 78). Toro’s
Weighted Average Flux (WAF) algorithm is used to march the solution in time. A
weighted average flux scheme allows for tight control on the rate of dissipation of
vorticity, allowing the method to retain the vortical structures in the flow field over
many rotor revolutions. The method has been applied successfully in the analysis of
various helicopter flight conditions (Refs. 79, 80), especially operations in vortex-ring
state (Ref. 81). The methodology can be readily coupled with a Navier–Stokes solver
for the flow field near the rotor blades and has the potential to overcome the short-
comings of CFD-based wake capturing schemes that are discussed in Section 1.2.4.
Bhagwat (Ref. 82) extended the ideas developed in Bagai’s Maryland Free Wake
analysis to incorporate a time-accurate scheme capable of simulating the rotor wake
dynamics during arbitrary flight conditions. Several outstanding issues were ad-
dressed in this work. A second-order, two-step backward, predictor-corrector time-
marching algorithm was developed. The error terms arising from the numerical trun-
cation were independent of the local velocity field, and provided implicit damping
that helped stabilize the scheme for a wide range of flight conditions. The stabil-
ity and the accuracy of the scheme were rigorously tested and compared with other
existing numerical schemes (Ref. 83).
The accuracy of the straight line vortex segment in the modeling of rotor wakes
was also analyzed (Ref. 84). It was shown that the straight line segmentation was
second-order accurate for discretizations less than 5◦. A detailed eigenvalue analysis
of the stability of the rotor wake was conducted, and it was shown that the hovering
wake was susceptible to the development of instabilities (Ref. 85).
The desingularization of the vortex core in the line-vortex elements was addressed.
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An empirical vortex core growth model based on experimental data was developed,
and successfully implemented to account for the laminar as well as the turbulent vis-
cous diffusion effects on the tip vortices (Ref. 86).
A good review of the relaxation and the time-accurate numerical algorithms and
other aspects of the Maryland Free Wake method can be found in Ref. 45. The method
was validated extensively for various steady and unsteady flight conditions, and par-
ticularly with the experiments of Carpenter & Friedovich (Ref. 22). This methodology
has been adopted and extended in the present work.
A Note on Vortex Core Growth Models for Free-Vortex Wake Analyses
Besides being convected under the influence of the local velocity field, the vortex fil-
aments in the rotor wake are also subjected to strain and diffusion effects, which can
become important in certain flight conditions such as the vortex ring state (Ref. 87)
and operations in ground effect (Refs. 20, 88). However, most free-vortex wake
methodologies in the existing literature use an arbitrary core size to facilitate con-
vergence of the numerical scheme, without any physical consideration. Furthermore,
almost all existing analyses ignore the effects of filament strain without proper justi-
fication (Ref. 89). Proper modeling for the tip vortices is essential to account for the
physical effects of viscous diffusion, especially in applications involving blade–vortex
interactions (Ref. 90), wake/airframe interactions, etc.
The impact of the viscous core growth model becomes important in the analy-
sis of maneuvering flight conditions, where there is a preponderance of enhanced
interactions between the blade and airframe surfaces with the bundled “ring” struc-
ture. Under these conditions, the blades might interact with vortices from much later
wake ages than are usually encountered during steady flight conditions. Furthermore,
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bundling of tip vortices introduces steep gradients in the local induced velocity field,
which can further strain the tip vortices. The integral effects of strain on the vortices
since their inception at the blade tips must be accounted for over several rotor revolu-
tions. The implications of the vortex core growth over several rotor revolutions must
be carefully considered for maneuvering flight applications.
Closed-form solutions of the Navier–Stokes equations for the evolution of the
tip-vortices cannot be achieved without many simplifying assumptions. Algebraic
approximations are often employed in engineering analysis for their computational
efficiency. Algebraic models proposed by Scully & Sullivan (Ref. 91) and Vatistas
(Ref. 92) are quite popular.
Fluid viscosity causes the smearing of the vorticity in the vortex filaments over
time. The simplest model for this phenomena is the classic Lamb–Oseen core growth
model, obtained by solving the one-dimensional Navier–Stokes equation (Ref. 93).
However, this model is fully laminar and the core growth predictions from the Lamb–
Oseen model are found to be unrealistically slow in comparison to experimental mea-
surements. Squire (Ref. 94) suggested the inclusion of an apparent or eddy viscosity
parameter δ to account for effects of turbulence on vortex diffusion. Squire also pro-
posed an effective origin offset to allow for a finite vortex core at the origin of the
trailing vortex.
Bhagwat & Leishman (Ref. 86) have further refined the model based on tip vor-
tex measurements from rotating-wing experiments. None of the earlier measurements
attempted to quantify the effect of filament strain on the evolution of the tip vor-
tices. Ramasamy (Ref. 95) was the first to study the effect of filament strain on vortex
core growth based on measurements of a hovering rotor in ground effect. A gener-
alized, multi-region, transitional model based on the Reynolds number was proposed
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by Ramasamy & Leishman (Ref. 96), which incorporates the viscous diffusion, turbu-
lence, scaling and stretching effects on the vortex core growth. The model developed
in Refs. 86 and 96 forms the basis for the viscous splitting methodology that is adopted
in the present work.
1.2.4 CFD-Based Methods
With the advent of faster and cheaper computers in recent years, full-fledged solu-
tions of the Navier–Stokes equation for the flow field surrounding the rotor have be-
come possible using comprehensive computational fluid dynamic (CFD) analyses.
The CFD-based models are solved in a grid-fixed, Eulerian formulation, in contrast
to the Lagrangian formulation adopted in the free-vortex models. While the emphasis
of the present work is on the development of free-vortex based methods for aerody-
namic simulations, CFD-based methods have gained much attention in recent years
and, therefore, a brief overview of the concepts pursued by researchers is presented.
Datta et al. (Ref. 97) present a detailed review of the development of CFD ap-
proaches adopted by researchers in the simulation of rotary wing aerodynamics over
the last decade. The primary advantage of CFD-based methods is the accurate de-
scription of the flow field around the rotor blades, i.e., with sufficient resolution of the
computational grid, these methods can capture the formation of vorticity on the sur-
face of the rotor blades, its convection into the trailing vortex sheet, and the eventual
rollup of this sheet into one or more concentrated vortex structures. However, these
methods require very fine grid resolution to avoid numerical dissipation of the vortex
structures present in the flow field.
Two different types of formulations, the potential Euler formulation and the Navier–
Stokes formulation, have been applied in rotor aerodynamic simulations. The Euler
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formulations are inviscid, but allow coarser grids sized to resolve the surface geometry
rather than the viscous flow scales. Earlier formulations failed to retain the vorticity
beyond one rotor revolution. Several approaches have been pursued to minimize the
numerical dissipation of vorticity.
One such approach is to use a Lagrangian free-vortex wake model to represent the
far field wake and solve flow equations in an Eulerian grid in a small region around
the rotor blades. These hybrid formulations, or vortex embedding methods, were
first adopted by Steinhoff & Ramachandran and was later implemented in the HELIX
code, which was successful in predicting the helicopter performance in hover and for-
ward flight conditions. Sitaraman (Ref. 98) developed a field-velocity approach which
uses the relaxation based free-vortex model of Bagai & Leishman (Ref. 99) to simulate
the far-wake along with a Navier–Stokes formulation near the blade. This approach is
slowly being abandoned in favor of the direct wake capturing schemes (Ref. 100).
Direct wake capturing by solving the Euler or Navier–Stokes formulations over
the entire computational domain has been tried by several researchers using differ-
ent strategies to minimize the numerical dissipation of vorticity, such as unstructured
meshes for local grid refinements (Ref. 101), overset meshes (Refs. 100, 102), and
vorticity confinement techniques (Ref. 103). CFD-based concepts are under active
development and might prove to be an attractive proposition for the simulation of
rotor wake aerodynamic problems. However, these methodologies are still in their
infancy, and further research in low-cost computational models is necessary before
they can replace free-vortex based methodologies for routine use in comprehensive
rotorcraft aeroelastic or flight dynamics applications.
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1.3 Limitations of Existing Methodologies
It is evident based on the discussions in Section 1.1.3 that the aerodynamic envi-
ronment at the rotor in a maneuver is extremely complicated, and the capability to
accurately model nonlinear phenomena over several rotor revolutions is essential to
gain better insight into such flight conditions. Such an endeavor requires a sophisti-
cated computational model capable of simulating faithfully all the essential physics
involved in a maneuvering rotor problem. While modeling every physical aspect of
the flow is desirable, the computational expenses involved with such sophisticated
methodologies can quickly render them impractical for routine use. To conserve com-
putational costs, the aerodynamic models in comprehensive rotor analysis codes often
employ several simplifying assumptions that render them inadequate for analysis of
maneuvering flight. Modeling all the essential flow features without incurring a severe
computational penalty is a delicate task. The deficiencies and the drawbacks of the
existing methodologies must be properly understood before a suitable model capable
of reliably predicting maneuvering flight can be developed.
Comprehensive rotor analysis codes use linearized inflow models such as the dy-
namic inflow model, discussed previously in Section 1.2.1, to predict the unsteady
wake induced inflow at the rotor disk. Such inflow models were originally developed
to predict the integrated effects on the inflow to sudden changes in the collective pitch
inputs (Ref. 22). Therefore, such models perform satisfactorily for analysis of total
rotor performance, namely the net thrust and power. However, these models provide
no insight into the rotor wake geometry nor do they have the capability to capture
the BVI locations and intensities that are essential for estimating rotor noise. Fur-
thermore, experimental evidence indicates that the wake is aperiodic and its induced
effects at the rotor disk are nonlinear, especially when the bundled “ring” structure
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comes into close proximity to the rotor blades and causes steep gradients in the lift
distribution.
Hennes et al. (Ref. 9) compare the noise predictions based on airloads obtained
from two different analyses, the linearized dynamic inflow model (Ref. 32) and the
time-accurate free-vortex wake model. It was observed that the dynamic inflow model
does not capture the BVIs and, therefore, the noise calculations using airloads ob-
tained from a dynamic inflow analysis fails in predicting the impulsive rotor noise.
Free-wake methodologies can capture the rotor wake geometry in free flight and
are, therefore, capable of providing more comprehensive information about the ro-
tor wake geometry, nonlinear induced inflow, and BVI. However, most free-wake
methodologies are based on relaxation schemes which assume periodicity of the flow
conditions. Experimental evidence (Refs. 22, 23) clearly shows that the wake dynam-
ics is highly aperiodic and the unsteady, aperiodic conditions persist for considerable
periods of time depending on the kind of maneuver performed.
The thrust time-histories measured by Carpenter & Friedovich (Ref. 22) show
large overshoots in the instantaneous values after the introduction of collective pitch
inputs. Modeling the rotor wake evolution as a series of quasi-steady intermediate
steps will not properly predict the unsteady wake evolution, particularly the vortex
wake bundling phenomena, and will fail to capture these thrust overshoots. It must be
emphasized that the intermediate steps during the relaxation iterations are not indica-
tive of the true transient wake aerodynamics but merely a numerical artifact arising
from convergence of the solution from any arbitrary starting guess.
The limitations of periodicity assumptions can be eliminated by using a time-
marching algorithm, which can then capture the transient wake aerodynamics. His-
torically, time-marching methodologies were explored before relaxation methods, but
28
had very limited success. Earlier attempts (Refs. 67, 68) at solving the rotor wake
problem with time-marching schemes used an explicit first-order difference in time,
which can be shown to be numerically unstable. In fact, this was the primary rea-
son for the success of the relaxation based free-wake methodologies for analysis of
rotorcraft aerodynamics in steady flight conditions.
The rotor wake is inherently unstable and aperiodic even for hovering flight con-
ditions (Refs. 65, 85). The numerical scheme used must be capable of capturing
the inherent aperiodicity without introducing numerical errors (which can be misin-
terpreted as a physical phenomena) or being susceptible to divergence because of the
physical aperiodicity. However, most numerical time-marching algorithms commonly
are sensitive to the operating conditions, i.e., the error terms from the numerical ap-
proximations depend on the local velocity gradient and can diverge for certain flight
conditions (Ref. 83).
Numerical schemes based on free-vortex methodologies are inviscid and can solve
only for the motion of discrete vortex particles in the flow field. Such methods are in-
capable of predicting the creation of vorticity on the surface of rotor blades, the forma-
tion of the vortex sheet at the trailing edge, its evolution and the roll-up mechanism.
The positions and strengths of vorticity deposited into the wake must be obtained
from theoretical and empirical considerations. Also solving for the entire sheet struc-
ture trailed behind the blades can be computationally cost prohibitive, especially for
maneuvering flight, where the calculations need to be carried out for a large number
of rotor revolutions depending on the duration of the maneuver under consideration.
CFD schemes (Refs. 64, 100) are capable of capturing the generation of vorticity over
the rotor blades. However, these methods require very high grid resolutions to prevent
numerical dissipation of the vortical wake structure. Several approaches such as wake
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coupling (Ref. 64) and wake capturing (Refs. 100, 104) are being explored to capture
the wake dynamics with desired accuracy. These methods hold much promise for im-
proved prediction of the rotor airloads for arbitrary flight conditions. However, the
computational costs incurred with such approaches render them unsuitable for routine
use in prediction of maneuvering flight, at least at present.
1.4 Objectives of this Dissertation
While several methodologies are available for simulating the rotor wake aerodynam-
ics, these methods have been primarily developed for the analysis of steady flight
conditions. The issues surrounding maneuvering flight aerodynamics have gained at-
tention only in the recent years. None of the existing methodologies satisfactorily
models all the issues that are critical for the study of maneuvering flight conditions
through numerical simulations.
Conducting experiments and/or flight tests to study the entire gamut of maneuver-
ing flight conditions and different rotor configurations is impractical because of the
costs involved in such a venture. With the recent interest in the development of quieter
rotors, heavy-lift helicopters, and in studies on optimized, noise-abatement trajecto-
ries for operations in civilian areas, it is clear that a new methodology specifically
tailored to handle arbitrary maneuvering flight conditions is necessary.
The objective of the present dissertation is to develop a reliable computational tool
capable of capturing the nonlinear wake aerodynamics in response to arbitrary large
amplitude, high rate maneuvering flight conditions for generic rotor configurations.
The primary objective is to develop and validate a fully time-accurate, free-vortex
wake model capable of capturing the unsteady, nonlinear, transient wake aerodynam-
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ics under arbitrary maneuvering flight conditions. The numerical scheme must be
stable, i.e., is must not be susceptible to numerical instabilities while capable of pre-
dicting the physical instabilities of the rotor wake under various flight conditions. The
numerical algorithm must be capable of computing the wake dynamics at high spatial
and temporal resolutions necessary for computations of impulsive noise arising from
BVIs.
It has been shown that the induced effects of tip vortices can be prominent, even
at older wake ages, under positive filament straining conditions. Predictions of tran-
sient wake aerodynamics must, therefore, take into account the viscous diffusion and
filament straining effects experienced by the wake vorticity as it is convected in the
flow field. This necessitates a tip-vortex core growth model capable of simulating
the vortex core growth over a wide range of Reynolds numbers and under arbitrary
strain fields. The objective of this dissertation is to incorporate a suitable viscous
core growth model, within the framework of the free-vortex wake algorithm, that can
properly predict the growth of the tip-vortex core as a function of time and the velocity
field.
To satisfy the boundary conditions for the wake equations, the initial position of
the tip vortices trailing from the blades and their circulation strengths must be speci-
fied. A blade aerodynamic model with the capability to predict the spanwise variation
of the nonlinear aerodynamic lift and drag characteristics, the bound circulation and
the additional influence of unsteady and dynamic stall effects is necessary. The circu-
lation strengths of the wake vortices can then be obtained from the bound circulation
strengths. Furthermore, a blade flapping model capable of capturing the independent
blade flapping dynamics is necessary to obtain the positions of the blade tips, which
is where the tip vortices originate.
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The individual components must be chosen after careful consideration so that high
resolution solutions of the induced velocity field and airloads, over several rotor revo-
lutions, are possible without incurring large computational penalties. Each component
must be solved consistently during each time step, the coupled effects must then be
calculated and the solution marched to the next time step.
The ultimate objective of this work is to couple the rotor wake methodology into a
comprehensive aeroelastic or flight dynamic analysis tool (Ref. 34) to perform a true
closed-loop analysis. In this approach, the aerodynamics module would benefit from
the higher-order modeling of the blade dynamics and helicopter motion in free flight
and the nonlinear wake induced velocity field across the rotor disk is feedback to the
flight dynamic simulation.
Another objective of this dissertation is use the model developed to gain a deeper
insight into the wake aerodynamics in maneuvering flight conditions. As mentioned
previously, conducting experiments in various maneuvering flight conditions is im-
possible. Furthermore, the basic understanding of maneuvering flight is very limited.
It is, therefore, difficult to design suitable experiments and decide on the data that need
to be measured during these experiments a priori. However, before proceeding with
the analysis of various maneuvers, the code must be validated against a broad spec-
trum of experimental data for maneuvering flight and different rotor configurations to
prove its versatility and reliability.
Once the capability to simulate maneuvers for which experimental measurements
are available is established, the code can be used to study other flight conditions. Dif-
ferent flight maneuvers such as pop-up and pop-down maneuver from hovering flight
conditions, arrested descent or pull-up maneuver from steady, descending flight con-
ditions, starboard and port roll maneuvers, roll reversals and quickstop manuevers
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will be analyzed to understand the characteristic wake response common to all ma-
neuvering flight conditions, and the subtle differences in the wake aerodynamics and
the resulting airloads for different maneuvers. The airloads time histories obtained
will be used to analyze the rotor noise during the transient maneuvers and identify
the source of impulsive noise, by studying the wake geometry, rotor airloads and the
intensity and positions of BVIs.
1.5 Outline of the Dissertation
The maneuvering rotor problem and the challenges involved in predicting such flight
conditions were introduced in this introductory chapter. A brief survey of the existing
computational methodologies to solve the rotor wake aerodynamics was presented in
Section 1.2. The shortcomings of the existing methodologies in the simulation of the
maneuvers were explored in Section 1.3, which laid the groundwork for the objectives
of the present dissertation.
The remainder of this dissertation is divided into four chapters. The methodol-
ogy adopted for simulation of unsteady, maneuvering flight is described in detail in
Chapter 2. In addition to the free-vortex wake model, the chapter also discusses the
tip-vortex core growth model, the blade aerodynamic model (both the Weissinger-L
lifting surface model and the nonlinear airfoil model), the time-accurate blade flap-
ping model, the rotor trim algorithm, and the concepts of wave tracing for acoustic
directivity analyses.
Chapters 3 and 4 discuss the numerical results obtained using the free-vortex
wake analysis. Chapter 3 presents a comprehensive validation of the free-vortex wake
model with existing experiments under unsteady flight conditions, particularly experi-
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ments by Carpenter & Friedovich, and Ellenreider & Brinson. The chapter concludes
with validation of the performance predictions obtained from free-vortex analyses
for rotors operating in ground effect, and for coaxial rotor configurations. Chap-
ter 4 presents a detailed analysis of the transient wake aerodynamics associated with
various maneuvers. Both idealized and free flight maneuvers results are presented.




This chapter explains in detail the methodology developed in the present study. The
computational model developed for the analysis of maneuvering flight conditions is
made up of various sub-components, as outlined previously in Section 1.4, each deal-
ing with a different aspect of the problem, namely the rotor blade, wake. In the follow-
ing sections, the governing equations and the computational scheme used in solving
these equations are described.
The rotor blade aerodynamic model is described first. The equations for rigid
blade flapping are then derived with a special emphasis on the inertial terms intro-
duced during maneuvering flight. The rotor wake governing equations and their so-
lution methodology is described next. The viscous splitting strategy to account for
viscous diffusion and filament strain are presented. The basics of wave-tracing con-
cepts to determine the acoustically significant BVI interactions over the rotor disk
and the primary directivity patterns of these sound sources will be outlined. The BVI
locations at any given time instant are readily obtained from the rotor wake geome-
try solution using analytical geometry concepts. Finally, the rotor trim methodology
for both single and dual rotor configurations is explained. While rotor trim depends
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on many parameters, some form of trim is essential to establish a steady state flight
condition, which serves as an initial solution for the maneuvering rotor problem.
2.1 Coordinate Systems
Four different right-handed, Cartesian coordinate systems are used in the present
work, namely: 1. Gravity-axes or inertial frame of reference, 2. Body-fixed frame of
reference with the origin at the helicopter center of mass, 3. Hub-fixed, non-rotating
coordinate system with the z-axis along the axis of rotation, and 4. Blade-fixed rotat-
ing coordinate system. The emphasis in the present work is the simulation of the aero-
dynamics of the rotor and its wake. For the rotor aerodynamics problem, especially
the analysis of steady flight conditions, the formulation requires only the last two
coordinate systems. However, to simulate maneuvering flight the freestream veloci-
ties, helicopter attitude, rates, and accelerations must be prescribed to the free-vortex
wake analysis from a comprehensive flight dynamics analysis. For this the exchange
of information between the flight dynamics analysis and the aerodynamics analysis
requires the use of the ground-fixed and the hub-fixed coordinate systems. Therefore,
these coordinate systems are now discussed.
Figure 2.1 shows the four coordinate systems used in the present study. The grav-
ity axis system (x,y,z)G is such that the zG-axis always points in the direction of the
vertical towards the earth regardless of the orientation of the helicopter. The choice
of xG- and yG-axes can be somewhat arbitrary. The body axis system (x,y,z)B has its
origin at the center of mass of the helicopter. Its axes are fixed to, and rotate with,
the helicopter. The xB-axis points towards the nose of the aircraft, the yB-axis points






























































(b) Rotor coordinate systems
Figure 2.1: Coordinate systems used in the development of the free-vortex wake
methodology.
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system has its origin where the blades are attached to the hub. The z-axis points along
the axis of rotation of the rotor. The x-axis points towards the tail of the helicopter
and the y-axis points towards starboard. Notice that the orientation of xB- and x-axes
are opposite to each other. The rotating, blade-fixed coordinate system has the xb-axis
along the span of the rotor blade. The y-axis is along the chord pointing towards the
leading edge of the blade, and the z-axis is normal to the blade. The x− y plane of
the rotating coordinate system coincides with that of the hub-fixed coordinate system
such that kb = k. Also ib = i when the blade is over the tail of the helicopter, i.e.,
ψb = 0◦.
2.2 Free-Vortex Models
The free-vortex model adopts a Lagrangian description of the flowfield where the
computational domain including the blade and the rotor wake is represented using
discrete elements of vorticity. It is assumed that the entire wake vorticity is con-
fined within these particles and the flowfield is essentially irrotational outside these
particles. The initial vorticity of these filaments are governed, in part, by the blade
aerodynamic loading. Finding a solution for the subsequent motion of these wake
vortex markers under the influence of the local induced velocity field, along with the
changes in the vorticity of these elements, defines the free-vortex wake problem.
Several mathematical representations have been adopted by researches to describe
these vortex elements — see the discussion in Section 1.2.3. For the rotor wake prob-
lem, which is dominated by the tip-vortices trailing from the blade tips, the most nat-
ural and useful representation is the straight-line filament. The straight-line decom-
position of the filaments and the subsequent numerical reconstruction of the velocity
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field has been shown to be second-order accurate (Refs. 84, 105).
2.2.1 Integration of the Induced Velocity: Biot–Savart Law
The essence of the rotor wake problem is the computation of the induced velocity field
for points in the regions of interest in the flow field. In a free-vortex model, the wake
induced velocity at any point is computed by the repeated application of the Biot–
Savart law, and by numerically integrating the induced velocity contribution from
each vortex element over the entire flowfield. The velocity induced by a distribution









For a line vortex with circulation strength, Γ, in the flowfield, this equation can be








An exact solution is available for the velocity induced by a finite straight line vortex
segment,
−→
















Equation (2.3) is a better numerical representation of the velocity field than the usual
formulation using sines and cosines of the angles subtended by the vectors connecting
the end points of the filament to the point of interest. This is because repeated calcu-
lation of sines and cosines using a computer requires considerable processor cycles,













Figure 2.2: Induced velocity of a straight line segment using Biot–Savart law.
The velocity induced by a curved vortex filament is approximated using straight
line segmentation and numerically integrating for the velocity field using the trape-
zoidal rule. The errors incurred in the numerical approximation can be estimated
using a Taylor series analysis. It can be shown that (Ref. 82) the dominant truncation
error term is of the form
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The leading error term is second-order and, therefore, the numerical approximation
is second-order accurate in ∆ζ. The accuracy issues of the summation of mutually
induced velocities of the free-vortex elements is discussed in detail in Ref. 105. It
was shown that to maintain an overall second-order accuracy, the wake filament dis-
cretizations must be less than 5◦. This can become an important issue for capturing


















in near-wake L-shaped vortex elements
Figure 2.3: Weissinger-L lifting surface model for the rotor blade.
2.3 Blade Aerodynamic Model
In the present work, the rotor is modeled as Nb rigid, articulated blades, which exe-
cute fully independent, time-accurate, flapping motion. The blade aerodynamic model
(developed in Refs. 59, 82) has been adopted and extended for the analysis of maneu-
vering flight. Aerodynamically, each blade is modeled as a distribution of vortex
singularities in the flowfield. The simplest vortex model for a rotor blade is the lifting
line model (Ref. 25), which models the rotor blade as a single line vortex of length
equal to the blade span. However, this model is unsatisfactory for rotor applications
because it does not capture the spanwise variation of circulation and lift, especially
the three-dimensional effects at the rotor blade tips.
A more sophisticated approach is to use a lifting surface model where the blade is
divided into spanwise and chordwise segments, enabling the resolution of the three-
dimensional effects on the rotor blade. A popular lifting surface model suitable for
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the rotor blade problem is the Weissinger-L lifting surface model (Ref. 106). This
model represents the blade using multiple horse-shoe vortices (see Fig. 2.3) and is
used in the present approach. Each blade is divided into Ns equal spanwise segments,
with a bound vortex located at 1/4 chord and only one chordwise segment. There
is provision to use unequal spanwise segments with a cosine distribution to bias the
number of segments towards the blade root and tip. In this case, the end points of the




















, i = 1, . . . ,Ns +1 (2.5)
Alternately, the cosine distribution can be used to provide a concentration of spanwise
















, i = 1, . . . ,Ns +1 (2.6)
Such distributions allow a fine resolution of the steep gradients in the distribution
of spanwise circulation near the rotor blade tips. The strengths of the trailers are









The trailing line vortices from the Weissinger-L model comprise the near wake of
the rotor blade. In the present work, the near wake is assumed to be rigid and trails
off smoothly from the trailing edge of the rotor blades. These near wake trailers are
truncated after a short distance, typically ∆ψ = 30◦. It is assumed that, beyond this
point, the vortex sheet has completely rolled up and all the circulation in the flowfield
is concentrated in the free trailers, which comprise the far-wake.
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2.3.1 Solution for Blade Circulation Distribution
The strengths of the bound circulation for individual segments are determined by the
application of the boundary condition at 3/4-chord location of the mid-point of each
segment. The no-penetration or tangential flow boundary condition implies that the
component of incident velocity on the blade section that is normal to the spanwise
segment at 3/4-chord location must be identically zero to prevent flow through the
rotor blades (Ref. 35), i.e.,
Vi ·ni = 0, i = 1, . . . ,Ns (2.8)
The velocity, Vi, at any spanwise location is composed of the local free stream veloc-
ity, additional velocities introduced by maneuver (Section 1.1.3), the induced veloci-
ties from the bound circulation, the near wake, and the far wake composed of the free
vortex filaments. This gives
Vi = V∞ +Vman +VB +VNW +VFW (2.9)
where VB and VNW depend on the bound circulation strengths and can be evaluated
using Eq. (2.3). Therefore, at any blade control point, the velocity induced by the
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Substituting Eq. (2.10) into Eq. (2.9), an expression for the bound circulation can







= {(V∞ +Vman +VFW) ·n}i i, j = 1, . . . ,Ns (2.11)
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]−1 {(V∞ +Vman +VFW) ·n}i (2.12)
The blade and the near wake are assumed rigid, therefore the influence coefficient
matrix, Ai j, and the normal vectors, ni, in the blade-fixed frame of reference remain
constant. The matrix inversion for the solution of bound circulation needs to be per-
formed only once during the computation.
Effect of Blade Twist on Near Wake
The near wake trailers in the Weissinger-L model are assumed to trail off smoothly
from the trailing edges of the blade sections. Therefore, for a twisted blade the suc-
cessive near wake trailers are not in the same plane but at an angle to each other, and
so to the chord passing through the blade control point in the section of interest. This
means that for a twisted blade the velocity induced by the near wake trailers is not ex-
actly normal to the blade sections at the control point. Previous formulation (Ref. 82)
neglected the effects of blade twist and modeled the trailers in the same plane stating
that the velocities induced by the successive trailers will cancel the tangential compo-
nent. However, this assumption is exact only for the trailers immediately adjacent to
the blade control point. Furthermore, this assumption is not valid for nonlinear blade
twist. The effects of twist are fully accounted for, in the present formulation, by eval-
uating the component of near wake induced velocities normal to the blade sections, as
shown on the left-hand side of Eq. (2.11).
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2.3.2 Two-Dimensional, Nonlinear Airfoil Model
Often during flight, certain sections of the rotor blade operate at high angles of attack
and can stall. The nonlinear lift and drag characteristics (close to the airfoil stall
angles and beyond) need to be modeled properly to obtain accurate estimates of the
rotor airloads. Furthermore, because of rotational motion, different sections of the
rotor blade operate at different Mach numbers. Beddoes’ (Ref. 107) two-dimensional,
nonlinear airfoil model is used to predict the normal and tangential force coefficients
for the airfoil sections. In this model, the normal force component is related to the









The expression is modified using the Prandtl–Glauert correction factor to account for











The spanwise variation of Mach number changes the effective angle of attack at each
section and introduces an effective aerodynamic twist. Beddoes suggests a general-













, α > α1
(2.15)
where α0 is the zero-lift angle of attack of the airfoil. The variables S1 and S2 define
the static stall characteristics, which are dependent on the incident flow Mach number.
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For a NACA 0012 airfoil, the empirical model for these parameters is given by






















Similarly, the drag coefficient is obtained using
Cd = Cd0 +0.035 Cn sinα+KDCn sin(α−αD) (2.17)
The zero lift drag coefficient, Cd0 , the drag divergence angle of attack, αD, and the
factor, KD is given by
Cd0(M) = 0.01+0.02 erf(50(M−0.8)) (2.18)









 0, α≤ αD2.7 exp(−d f f ) , α > αD (2.20)








2.3.3 Two-Dimensional, Unsteady Aerodynamics Model
The angle of attack and the incident velocities at any blade section vary with time
even under non-maneuvering flight conditions. In addition, there can be pronounced
unsteady aerodynamic effects when the blade section encounters the tip vortices, caus-
ing impulsive changes in the angle of attack. The lift response occurs with a temporal
lag. The fluctuations in the rotor airloads and the aerodynamic lags need to be mod-
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eled properly during maneuvering flight simulations to capture the transient behavior
accurately.
In the present approach, the indicial response method, proposed by Leishman &
Beddoes (Refs. 14, 108, 109), is used to calculate the unsteady aerodynamic forces
on the blades during unsteady flight. The time-variation in angle of attack is caused
by several factors such as the change in blade pitch from cyclic inputs, blade flapping
velocities, blade torsion effects and changes in the wake induced inflow. The blade
geometric pitch, θ, and the blade pitch rate, θ̇ at any azimuth is given by






θ̇(ψb) = −θ1c sinψb +θ1s cosψb (2.23)
The present analysis does not include the blade elastic torsion deformations, contri-
butions from lag, and higher order flap bending effects. However, when coupled with
an aeroelastic blade model, the torsion effects, θtor and θ̇tor must be prescribed to the
blade aerodynamic model and included in Eq. (2.22) for consistency. The flapping
rate, β̇ is obtained from solving the rigid blade flapping equations, as discussed later
in Section 2.4.
The expression for the normal velocity at the blade control point can be written as
UP(r,ψb) = Vz +Viz +
θ̇c
2
+ β̇(r− eR) (2.24)
and the effective angle of attack at any instant of time for a given blade section can
then be written as






The terms introduced by blade flap, lag and torsional effects must be included in
Eq. (2.24) when coupled with an aeroelastic blade model.
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The unsteady aerodynamic effects are then computed as a series of step changes
in the angle of attack and pitch rate over successive time steps. The indicial response
function is composed of circulatory and non-circulatory components. The indicial















Similarly, the indicial response function for a step change in the pitch rate about















where s is the distance traveled by the airfoil in semi-chords after the step input, Cnα






q are the indicial response
functions for the conservative and non-conservative components associated with step
changes in angle of attack and step change in the pitch rate. The indicial response
functions are approximated by using exponential functions and the above step re-
sponses are then superimposed using finite-difference approximation to the Duhamel
integral (Ref. 108) to take into account the time-histories of the change in angle of
attack and the pitch rate.
Although a linearized model, the indicial method is formulated in the time-domain
and has sufficient fidelity to capture the airloads associated with the wake induced
velocity field and the blade motion under arbitrary conditions. The indicial method
is, therefore, ideal for analysis of maneuvering flight problems where time-history
information about the aerodynamics must be accounted for over very long periods of
time.
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Duhamel Recurrence Solution for the Circulatory Component
The circulatory lift function, φc, takes the general two-term exponentially growing





where A1, A2, b1, b2 are positive constants determined from relating the results of
frequency domain with measurements for oscillating airfoils in subsonic flow. It can
be then shown that effective, unsteady, instantaneous angle of attack at any given time
instant can then be written as (Ref. 1, Ch. 8)
αeff(s) = α(s)−X(s)−Y (s) (2.29)




Y (s) = Y (s−∆s)e−b2β
2∆s +A2∆αe−b2β
2∆s/2 (2.31)
Similar expression can be derived for the indicial lift function for calculating the re-
sponse of changes in the pitch rate. The αeff, in Eq. (2.29), is used in calculating the
normal and tangential force coefficients in Eqs. (2.13)–(2.18).
Recurrence Solution for the Non-Circulatory Lift Terms







































The advantage of representing T ′α and T
′
q in this manner is that regardless of the values
chosen for A1, A2, b1, and b2, the non-circulatory constants will be automatically
adjusted to give the correct initial value and slope of the total indicial response as































































The contribution from non-circulatory terms are added to the normal force coefficients
obtained from the nonlinear airfoil model. The spanwise normal and tangential loads
are then numerically integrated for all the blades to obtain the net forces and moments
acting on the rotor at any given instance of time.
2.4 Rigid Blade Flapping Dynamics
Blade flapping dynamics plays a very influential role in the maneuvering flight aero-
dynamic response. The rotor airloads are closely coupled with the blade-flapping
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response. Because the elemental lift depends on the local induced inflow velocity,
the blade flapping response is dictated by the vortical wake solution. Also, the blade
attachment boundary condition required for the wake vortex filaments depends on
the blade flapping solution. This necessitates the solution of the rotor wake and the
blade flapping solution in a fully coupled manner. Most rotor aerodynamic analy-
ses use simplified blade flapping equations, which assume steady, straight-and-level
flight conditions. For purposes of maneuvering flight simulation, the contributions of
the helicopter dynamics to the inertial and aerodynamic terms in the flapping equa-
tion must be modeled accurately. Furthermore, the blade flapping equations must be
solved independently for each rotor blade because the aerodynamic environment can
be considerably different for each rotor blade at different times. In this section, the de-
velopment of the equations of flapping motion will be presented. The final equations
will be recast into a set of first-order differential equations, and the solution strategy
for these equations will then be discussed.
Consider a helicopter executing arbitrary pitch and roll motions about the body-
fixed axes with the rates p and q, respectively. The rotor is rotating about the z-axis
with a rotational speed Ω. Figure 2.4 shows the coordinate systems used for deriving
the flap equations of motion. (x,y,z)B is the helicopter-fixed coordinate system. The
helicopter rolls and pitches about this axis. The (x,y,z)NR frame of reference is the
hub-fixed, non-rotating frame of reference. The rotor is at a distance RH from the
helicopter center of gravity. The frame (x,y,z) is the rotating coordinate system, with
z-axis along the axis of rotation of the rotor blades. The frame (x,y,z)′ is the blade-
fixed coordinate system whose x− y plane is at an angle, β, to the rotating frame of
reference. For simplicity, it will be assumed that the rotor axis of rotation coincides


















Figure 2.4: Helicopter and blade coordinate systems for a flapping blade.
RH = −RHkB. The position vector rP of any point P on the flapping blade can then
be written as
rP = rp cosβi+(RH + rp sinβ)k (2.40)
The angular velocity vector A for a helicopter executing pitch and roll motion can
then be written as
A = −piNR +qjNR +Ωk (2.41)
= (qsinψ− pcosψ)i+(psinψ+qcosψ)j+Ωk (2.42)
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2.4.1 Derivation of Inertial Flap Moment













where a′Pz is the acceleration normal to the blade in the blade-fixed frame of reference.
The expressions for aPx and aPz can be derived in the following manner. The velocity







rP +A× rP (2.44)
∂
∂t
rP = −rPβ̇sinβi+ rPβ̇cosβk




(qsinψ− pcosψ) (psinψ+qcosψ) Ω
rP cosβ 0 (RH + rp sinβ)
∣∣∣∣∣∣∣∣∣∣
(2.46)
The components of velocity are
VPx = (RH + rp sinβ)(psinψ+qcosψ)− rpβ̇sinβ (2.47)
VPy = rPΩcosβ− (RH + rp sinβ)(qsinψ− pcosψ) (2.48)
VPz = rpβ̇cosβ− rp cosβ(psinψ+qcosψ) (2.49)









The components of acceleration are given by
ax = (RH + rp sinβ)(ṗsinψ+ pΩcosψ+ q̇cosψ−qΩsinψ)
−rpβ̈sinβ− rpβ̇2 cosβ+VPz(qcosψ+ psinψ)−ΩVPy (2.51)
ay = −
[
rpΩβ̇sinβ+ rpβ̇cosβ(qsinψ− pcosψ)++ΩVPx −VPz(qsinψ− pcosψ)
(RH + rP sinβ)(q̇sinψ+qΩcosψ− ṗcosψ+ pΩsinψ)
]
(2.52)
az = −rPβ̇sinβ− rP cosβ(ṗsinψ+ pΩcosψ+ q̇cosψ−qΩsinψ)
+ VPy(qsinψ− pcosψ)−VPx(qcosψ+ psinψ)+ rPβ̈cosβ− rPβ̇2 sinβ (2.53)
The time derivative ∂/∂t is replaced with ∂/∂ψ with respect to the blade azimuth, such
that ∂/∂t = Ω∂/∂ψ. Furthermore, the derivative with respect to the azimuth ∂/∂ψ is
represented with a ‘?’ for compactness. Further, introducing small angle assumption
for β, and also assuming that q/Ω = p/Ω = O(ε), and neglecting the higher order
terms, the expressions of ax and az simplify to





















































































where Ib = R3
R 1
0 mr̄
2dr̄ is the mass moment of inertia of the rotor blade about the
flapping hinge.
2.4.2 Flapping Equation of Motion
The inertial moment about the flap hinge must be balanced by MA, the aerodynamic






























M′I represents the additional inertial terms introduced by the rolling and pitching mo-
tion of the hub about the helicopter center of mass. The flapping equations can be
rewritten as a linear system of first-order differential equations with two variables β
and
?





















Equation (2.58) is of the same mathematical form as the governing equations of the
wake (discussed later in Section 2.5.1), and can be solved simultaneously using the
same numerical scheme and also to the same level of numerical approximation.
2.5 Free-Vortex Wake Modeling
In the free-wake analysis, Lagrangian markers are placed along a series of contiguous
vortex filaments trailing from ends of the blades. Successive markers on the vortex
filament are linked together, for which the simplest and most natural is a piecewise




























Figure 2.5: Schematic showing the coordinate system and the Lagrangian description
of the vortex filaments trailing from the blade tips.
Unlike the bound vortices, whose position is determined by the blade position, the
wake vortices are free and convect to force-free locations under the influence of the lo-
cal velocity field. This process is governed by the three-dimensional, incompressible,









+ν∆ ·~ω︸ ︷︷ ︸
2
(2.59)
This equation defines the change in vorticity associated with a fluid element moving
in the flow in terms of the instantaneous value of vorticity ~ω and the local velocity
V. The left-hand side is the material derivative of vorticity, which represents both the
time rate of change of vorticity and the convection term. The right-hand side has two
terms. The first term represents the strain and rotation effects on the vortex filament. It
represents two phenomena as the vorticity is convected along the flow, i.e., the change
in the length of the vortex filaments (strain effect) and the change in the orientation
of the vorticity vector (rotation effect). The second term represents the diffusion of
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vorticity as a result of the viscosity of the fluid. In most practical problems, the viscous
effects will be confined to much smaller length scales compared to the potential flow
phenomena, and the remainder of the flow field can be considered essentially inviscid.








Consider now an arbitrary material line segment δs in the fluid. Its motion is given by








Combining Eqs. (2.60) and (2.61) gives
D
Dt
(~ω− εδs) = {(~ω− εδs) ·∇}V (2.62)
for some positive ε > 0. If, for some time t = t0, the material line happens to coincide
with the vortex line, then it follows that
(~ω0− εδs0) = 0 (2.63)
Equation (2.62) has only one unique solution, namely
(~ω− εδs) = 0 (2.64)
for any time t > t0 provided the flow is solenoidal, i.e., (∇ ·V) is continuous. Equa-
tion (2.64) implies that the vorticity vector and the material line coincide at all times,
i.e., a material line continues to be a vortex line and the vorticity moves along with
the fluid.
In the present formulation, the vortex model uses a Lagrangian description of dis-
crete line vortices. This means that all the vorticity is concentrated along the axis of
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each vortex filament, forming a vortex line singularity. Under inviscid, incompress-
ible, irrotational flow conditions these vortex lines move along with material lines
(Eq. (2.64)) whose motion is described by the motion of the Lagrangian fluid mark-
ers. Thus, the problem of tracking vortex particles reduces to a simple convection
(advection) equation of the form
d
dt
r = V, r(t = 0) = r0 (2.65)
where r0 is the initial position vector of the vortex marker. In case of a helicopter
rotor blade, rotating with a constant angular velocity Ω, the position vector r of a
wake element can be expressed as a function of the azimuthal position ψ of the blade
and the age of the filament ζ relative to the blade when it was deposited into the wake.
Equation (2.65) can, therefore, be written in the non-rotating, hub-fixed coordinate










where the velocity V has contributions from the free stream, the highly nonlinear, self
and mutually induced velocities from the vortex wake structure, and the additional
velocities imposed during the maneuver.
The additional velocities introduced by a maneuver are a function of the angular
roll p, pitch q and yaw r rates along the x-, y- and z-axes respectively
~ω = pi+qj+ rk (2.67)
and is given by
Vman =~ω× r = (ry−qz)i+(pz− rx)j+(qx− py)k (2.68)
where r is the position vector of the point of interest from the center of mass of the
helicopter in a body-fixed frame of reference.
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The induced velocities are computed by repeated application of the Biot–Savart
law (straight line segment formulation given by Eq. (2.3)) to the discretized vorticity
field. This is the main computational expense that is associated with vortex methods.
The wake solution is coupled with the blade flapping response through the blade at-
tachment boundary condition at the origin of the trailing vortex filaments and with the
blade lift solution through the trailed vortex strengths.
2.5.1 PC2B Finite Difference Approximation
The terms on the left-hand side of Eq. (2.66) represent the derivatives in the tempo-
ral direction, ψ, and spatial direction, ζ. These derivatives are approximated using
finite difference approximations. The time-accurate, two-step backward, predictor-
corrector scheme (PC2B) proposed by Bhagwat & Leishman (Ref. 111) is used in the
present work. The computational domain is divided into a grid with steps of ∆ψ and
∆ζ. The governing equations are solved at the midpoints (ψ+∆ψ/2,ζ+∆ζ/2) of the
grid cell.
It was previously shown in Eq. (2.4), that the velocity computations using the
numerical integration of Biot–Savart law for line segments is second-order accurate.
The velocity at the center of the grid cell is further approximated by averaging the ve-
locities at the four surrounding grid points. The leading error terms from the velocity
averaging can be written as (Ref. 82)













Once again, the leading error terms are of second-order and the numerical approxima-
















Figure 2.6: Schematic showing the numerical stencil for PC2B algorithm.







r(ψ+∆ψ,ζ+∆ζ)+ r(ψ,ζ+∆ζ)− r(ψ+∆ψ,ζ)− r(ψ,ζ)
2∆ζ
(2.70)
The temporal derivative is written using a second-order, backward differencing


















































3 + . . . (2.72)
The leading error terms in Eq. (2.72) are of second-order with respect to the grid
discretization parameters ∆ψ and ∆ζ, indicating an overall second-order accuracy of
the numerical scheme used for the finite difference approximations of the derivatives.
The modified equation solved for by the finite difference equations can be obtained
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The above equation assumes equal spacing of ∆ψ and ∆ζ.
Notice that the leading truncation error terms are not dependent on the gradient
of the local velocity field, therefore, the numerical scheme is essentially problem in-
dependent. The underlined term in Eq. (2.73) is a fourth-order dissipative term. This
implicit artificial dissipation makes the numerical scheme stable. Furthermore, this
term is O(∆ζ3) and so the overall solution is still second-order accurate.
2.5.2 Treatment of Viscous and Strain Effects
Equation (2.66) neglects the effects of viscosity and filament strain on the vorticity
associated with the elements as defined in Eq. (2.59). This can be justified in many
flight conditions because these effects are usually confined to much smaller length
scales compared to the scales associated with the overall developments of the wake.
However, during maneuvering flight the wake undergoes considerable reorganization
and may, in this process, come into close proximity to the rotor blades. Also the
effect of filament strain on the induced velocity field of the wake might be important
for various types of flight operations. This means that the physical modeling of the
vortex core and its near-field induced velocity field must be considered in more detail.
The principle adopted here for the treatment of the viscous and strain terms is
to consider sequential sub-processes in the solution of the various components of
Eq. (2.59), and then to combine them together to give a consistent level of approxima-
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Figure 2.7: Principle of splitting the free-vortex wake solution into separate, sequen-
tial treatment of convection, viscous and stretching terms over one time step.
by Prandtl (Ref. 25) to distinguish viscous and inviscid phenomena. These concepts
are also reviewed by Ashley & Landahl (Ref. 112), and similar principles applied to
vortex methods have been followed by Chorin (Ref. 113). The concept of this “split-
ting” and recombinant process is shown schematically in Fig. 2.7. The approach is
formulated as a time-marching process, which consists of three successive sub-steps
where the convection, diffusion and stretching effects are considered sequentially.
The first sub-step in the process is a convection process, where the filaments are
advanced to new positions under the influence of the local velocity field at the current
time. In the second sub-step, viscous effects associated with diffusion of the filaments
are calculated based on the age of the filaments relative to the time at which they
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originated in the flow. The third sub-step implements filament strain or stretching
effects, which uses the position vectors from the first sub-step and serves to modify
the vorticity field. Combined with the new position vectors defined by the first sub-
step, the second and third sub-steps allow the new velocity and vorticity fields to be
calculated at the next time step. In the present application, the entire process has been
implemented as a predictor-corrector sequence, so that the three sub-step updates are
performed twice at each time-step, thereby improving the net accuracy and numerical
stability of the solution process.
Viscous Diffusion Model
As mentioned previously in Section 1.2.3, viscous diffusion of the vortex filaments
are usually included in free-vortex wake methods by incorporating a viscous core
model into the solution for the induced velocity field through the right-hand side of
Eq. (2.65). Because the tip vortices are the dominant vortical feature in the rotor wake,
the viscous models are usually applied to the tip vortex alone, and will be based, in
part, on empirical evidence. However, a “cut off” or other numerical desingularization
will still be necessary for other vortical elements comprising the remainder of the flow,
such as the vortex sheet.
While a variety of tip vortex models are possible, the simplest is the Lamb–Oseen
model (Ref. 93). Here a solution to the one-dimensional, laminar, Navier–Stokes
equation (i.e., a solution for velocity field with assumption that the axial/radial veloc-










where r is the radial distance from the center of the vortex core and α = 1.25643.
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The radial location of the peak swirl velocity corresponds to the core radius r = rc.
Expanding the exponential term with a series expansion and ignoring the higher-order









This is the Scully vortex model (Ref. 68). A series of general vorticity profiles for rec-
tilinear vortices were suggested by Vatistas in Ref. 92, where the tangential velocity






(r2n + r2nc )1/n
)
(2.76)
Note that n = 1 in Eq. (2.76) gives the Scully vortex profile. However, it has been
found that using n = 2 provides a better approximation to the velocity profile mea-
surements (Refs. 92, 114) and has been used in the present approach.
Using the Lamb–Oseen results, the growth of the viscous core radius rc as a func-




Because ψ = ζ = Ωt, Eq. (2.77) is easily converted to a model that is a function of
vortex or wake age ζ.
The core growth given by Eq. (2.77) is found to be unrealistically slow in light of
experimental evidence. This is because of the laminar flow assumption which consid-
ers only molecular diffusion. Squire (Ref. 94) proposed the inclusion of an average
apparent or turbulent “eddy” viscosity parameter δ to account for the natural effects of
turbulence on the net rate of viscous diffusion, effectively increasing the viscous core
growth rates to values that are consistent with experimental observations of tip vortex
growth. Furthermore, at t = t0, the swirl velocity given by the Lamb-Oseen model
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in Eq. (2.74) is singular at the origin of the tip vortex, and also unrealistically high
velocities are obtained at young wake ages compared to measurements. Therefore,
an effective origin offset was further proposed by Squire to give a finite core size and
finite induced velocity field at the origin of the vortex filament.
Bhagwat & Leishman (Ref. 86) suggested a semi-empirical model which is a de-
velopment of the Squire’s approach, where the viscous core radius of a filament as a














The coefficients of this model (ζ0 and δ) are defined empirically from an average of
various tip vortex core growth measurements (Ref. 96). The apparent average eddy
or turbulent eddy viscosity coefficient, δ is a function of the vortex Reynolds number,
Γv/ν, which is a complicating factor in the application of viscous corrected models to







In the case of a purely laminar vortex, i.e., one where molecular diffusion alone exists,
note that δ = 1.
It appears that based on experimental observations and ongoing correlation stud-
ies, rotating-wing measurements at both full-scale and model-scale show a higher
value of effective viscous diffusion with an average value of a1 = 2× 10−4, while
fixed-wing experiments show a lower effective diffusion with an average value of
a1 = 5×10−5. Typically, this means that the value of δ for sub-scale rotors is about
10, which means that in a real vortex flow the actual viscous diffusion process oc-
curs about 10 times faster than would be expected on the basis of molecular diffusion
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alone. For full-scale rotors, which will have vortex Reynolds numbers that are an
order of magnitude greater or more, the value of δ may be higher.
Strain or “Stretching” Terms
While rotor wakes are formed in a predominantly incompressible flow fields (this
is a rigorous assumption only for points far away from the vortex cores), the vortices
themselves may have such high strengths and high local velocities that they may show
some local compressibility effects (Ref. 114). However, assuming the flow is predom-
inantly incompressible and that any local changes in density is small, Helmholtz’s
third law (Ref. 49) requires that, under such conditions, the net circulation strength
of any vortex filament remains constant. Now the circulation associated with a vortex





Positive strain, or stretching, of the vortex filament as it encounters the strain field
produced by the induced velocity field, therefore, must increase the vorticity of that
filament. This is because in an incompressible flowfield an increase in the length
of the cylindrical filament must be accompanied with a corresponding decrease in
the cross-sectional area of the filament — see Fig. 2.8. To find the effect of strain
rate on the vorticity and velocity field, the vorticity in the filament is assumed to be
concentrated inside a cylinder of length l, with an effective core radius rc. Because the
flow is considered to be incompressible, the principle of conservation can be applied













Figure 2.8: Schematic showing stretching of individual vortex filaments and vorticity
intensification that results in an increase in swirl velocity surrounding the filament
core.
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over a time step ∆t = ∆ζ/Ω and can be written as













Combining Eqs. (2.78) and (2.81), the expression for the effective core at a given time





(1+ ε)−1 dζ (2.82)
The core radius calculated at any time includes the cumulative (or integral) effects of
the strain field from the point of the origin of the vortex as it was convected through
the flow field.
Note that a solution for the vortex core radius cannot be calculated independently
of the wake geometry and the induced velocity field solution. The core radius obtained
in Eq. (2.82) was used for the computation of the induced velocities from the vortex
line segments in Eq. (2.76).
2.6 Rotor Trim Methodology
The strengths and the positions of the tip vortices are largely determined by the rotor
operating conditions. Furthermore, the transient wake dynamics during a maneuver
are highly sensitive to the initial conditions and the sequence of control pitch inputs
used by the pilot to perform the maneuver. Therefore, it is very important to estab-
lish the initial wake geometry and filament strengths accurately before proceeding to
simulate a maneuvering rotor problem. The maneuvers are generally initiated from a
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steady state flight condition. The rotor controls must be trimmed appropriately to at-
tain the necessary thrust and TPP orientation to fly the desired steady flight condition.
In the present work, a “wind-tunnel” trim methodology is implemented to trim the
rotor to a specified thrust condition. This trim methodology assumes an isolated rotor,
and ignores the effect of a tail rotor or the lateral aerodynamic forces acting on the
rotor and the fuselage. The collective and cyclic pitch angles are adjusted such that
the rotor operates at a specified thrust, and that the TPP is perpendicular to the rotor
axis of rotation, effectively eliminating cyclic flapping. The approach for trimming
both single and dual rotor configurations are discussed here. The procedure adopted
is similar to the methodology described in Refs. 59, 82.
The rotor control input vector x = {θ0 θ1c θ1s}T is updated during the trim pro-
cedure by solving a linearized system of coupled equations which relate the control






The change in the response vector for a perturbation in the input vector x can be




∆x+ . . . (2.84)
The Jacobian matrix, [J] of the dependent quantities with respect to the independent

























Ignoring the higher-order terms in Eq. (2.84), the expression for the perturbation in
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the control input vector ∆x can be written as






With an initial guess for the control variables (usually values from the previous rotor
revolution), Eq. (2.86) is solved iteratively until the correction vector is below the
desired threshold level.
The above approach can be generalized to a system of an arbitrary number of
rotors, all generating the same thrust such that the sum of the thrust vectors equals
the weight of the helicopter. However, this approach is valid only for isolated rotor
systems where there is minimal interference between the rotors.
This is definitely not the case with coaxial rotors, and even tandem rotors, where
the rotors might overlap over a certain region of the disk or in forward flight where the
wake of the front rotor might interact with the rear rotor. Under such conditions, two
conditions must be satisfied for straight-and-level flight: 1. The net thrust generated
by the multi-rotor system must counterbalance the components of weight and drag
forces, and 2. A torque balance, i.e., the net torque acting on the helicopter must be
zero. The formulation of the trim problem gets slightly more complicated for rotor
systems with an odd number of rotors where the torque balance is dependent on the
relative positions of the rotors to each other. Therefore, only dual rotor configurations
are considered in the present work. Note that the approach can be easily extended to
quad-rotor systems. For a dual rotor system, the control input vector and the response
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vector can be written as
x =
{





∑CT ∑CQ β1s1 β1c1 β1s2 β1c2
}T
(2.88)
Following the exact procedure adopted for single rotor systems in Eqs. (2.84)– (2.86),
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(2.90)
2.7 Wave-Tracing for Acoustic Directivity Predictions
The main rotor is the primary noise source in helicopters. The adverse noise is gen-
erated, to a large extent, because of the unsteady, impulsive airloads generated by the
interaction of the rotor blades with its own self-generated vortical wake. The compu-
tational mapping of the acoustic field requires a high degree of spatial and temporal
resolution, so the computational efficiency is still at a premium. Various tools ranging
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from analytical wake tracing concepts (Refs. 12, 115) to coupled blade-element un-
steady aerodynamic models with Ffowcs–Williams Hawkins methods (Ref. 116) exist
to predict the rotor noise directivity patterns (Ref. 13).
Determination of principal acoustic directivity patterns using wave tracing is an
ideal option because the free-vortex wake solution provides details of the wake geom-
etry and the blade positions at every timestep. Once the wake geometry is obtained,
the positions of the blade-vortex interactions can be computed using simple analytical
geometry concepts. These intersection points provide all potential locations for the
BVI noise sources. The directivity of the noise propagation can then be solved using
wave tracing and noise radiation principles.
Coalescence of wave fronts occur when the BVI source points have supersonic
trace Mach numbers. It is, therefore, usually adequate to trace waves generated by
sources that have supersonic trace Mach numbers because these contribute most to
the net sound field. The trace Mach number is the effective velocity of the sound
source in a fixed-frame of reference normalized by the speed of sound – see Fig. 2.9.





where Vv is the velocity of the vortex filament in the hub fixed frame of reference.
Reference 12 defines trace Mach number as the relative velocity of the vortex filament
along the blade and, therefore, Eq. (2.91) has tanγ in the denominator instead of sinγ.
This definition is only valid for very low Mach numbers or γ  1 such that tanγ ≈
sinγ≈ γ. For higher Mach numbers the approach adopted in Ref. 12 misses potential
supersonic BVIs with moderate interaction angles. This is shown schematically in
Fig. 2.10. The effect of using tanγ formulation is to reduce the magnitude of Mtr by a












Figure 2.9: Schematic explaining the concept of trace Mach number for a BVI.
large blade Mach numbers for moderate interaction angles with the tanγ formulation.
While such situations are rare in normal, steady flight conditions, this can become an
issue during maneuvering flight where the magnitude of the instantaneous, transient
velocities at the blade points can get very close to sonic speeds.
Figure 2.11 shows the schematic explaining how the sound wavelets from sources
with supersonic trace Mach numbers accumulate along the cone with a semi-vertical








and propagate along a cone with a semi-vertical angle β to the instantaneous trace







The noise signature at any observer plane can be obtained by tracing the locus of
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Figure 2.10: Plot showing the region of potential supersonic BVI locations missed by










Figure 2.11: Schematic showing the coalescence of sound waves from a supersonic












Figure 2.12: Schematic showing the locus of intersection of the radiation cones with
an observer plane.
perbolas, as shown in Fig. 2.12. The acoustic lines might overlap over certain regions
of the observer plane. These indicate the potential regions where strong focusing
of noise can occur. The sound focusing occurs only if the wavelets from the sound
sources actually coalesce at these points.
Direct wave tracing concepts (Ref. 12) can be used to determine the position of
sound wavelets originating from the BVI sources. This approach is used in the present
work. The computation of wavelet positions in the observer plane should be per-
formed in a fixed reference plane moving with the rotor. In this coordinate system,
the locus of the points on the wavelet for an outward moving source over a period ∆t
can be written as
x = xb +(acos(ψb +β)+u)∆t
y = yb +(asin(ψb +β)+ v)∆t














Figure 2.13: Schematic showing the errors introduced in the prediction of the BVI
locations and trace Mach number from numerical discretizations.
By numerically “tracing” the positions of the wavelets at different instances in time,
the pattern of wave fronts that intersect a defined reference plane can be determined.
2.8 Summary
This chapter focused on the development of a time-accurate, coupled rotor blade and
wake computational model that can be used to predict the transient wake aerodynam-
ics and the resulting unsteady airloads during maneuvering flight. The solution of
the unsteady wake aerodynamic problem requires four different components, namely,
the blade aerodynamic model, the blade flapping model, the free-vortex wake model
and the viscous core growth model to capture the essential flow features critical to the
proper estimation of transient blade airloads and rotor noise during flight maneuvers.
The rotor blade aerodynamic model uses a Weissinger-L model, which is a reduced-
order lifting surface model with one chordwise panel and multiple spanwise segments,
to estimate the blade circulation strengths to satisfy the flow tangency condition at the
76
blade control points. The boundary condition at the trailing edge is satisfied by us-
ing the Kutta condition, and the blade circulation strengths are related to the blade
lift coefficients using the Kutta-Jukowski condition. The model is essentially invisicd
and incompressible. Compressibility and other nonlinear effects are accounted for by
using the Beddoes nonlinear airfoil model. The unsteady airloads are estimated using
the Leishman–Beddoes indicial response functions, which accounts for the additional
lift and drag produced because of the changes in angle of attack and the blade pitch
rate. The contribution to the circulatory and non-circulatory forces are accounted for
separately and the effects are combined to obtain the net lift and drag coefficients on
the blade sections.
The equations for the rigid blade flapping model were developed to account for
the inertial effects of the pitch and roll motion on the blade flapping response. The
equations were written in a modified form as a system of first-order differential equa-
tions, which are then solved using the same numerical algorithms used for the wake
calculations. The equations are solved at each time step consistently with the wake
equations to obtain the coupled response.
The free-vortex wake methodology for the solution of the transient rotor wake dy-
namics was developed. The wake problem was solved using a splitting scheme where
the three phenomena: 1. The convection, 2. Diffusion, and 3. The filament strain
effects. These were modeled as sequential sub-processes, and their effects were cou-
pled before marching to the next time step. A second-order, time-accurate, two-step
backward, predictor-corrector algorithm was used to numerically solve the invisid, in-
compressible form of the governing equations for the convection of the wake markers.
The viscous diffusion and the filament strain effects were accounted for by using a vis-
cous core growth model that was corrected for filament strain effects. The modified
77
position vectors and the vorticity field were then marched to the next time step.
The rotor trim methodology for single and dual rotor systems were then presented.
The change in the rotor thrust and the cyclic flapping to perturbations in the control
pitch settings is formulated as a system of linearly dependent equations using the
Taylor series approximation. The resulting equations are solved iteratively until a
converged solution for the control pitch inputs is obtained for a desired net system
thrust operating condition.
Finally, a brief overview of the wave-tracing algorithm to estimate the principal
noise directivity patterns was presented. The wave-tracing algorithm provides infor-
mation of the acoustic directivity patterns from the wake geometry and blade flapping
solutions using simple analytical geometry concepts.
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Chapter 3
Results & Discussion: Comparison With
Experiments
The methodology described in the previous chapter has been developed to handle arbi-
trary, non-steady flight conditions and general rotor geometries. The numerical model
is made up of various components, several of which have been validated extensively
for steady flight conditions – see Ref. 82 for further details. However, previous studies
using the time-accurate, free-vortex wake model did not include several modeling fea-
tures that have been added in the new model, particularly the combined strain-viscous
diffusion model in the rotor wake algorithm. Furthermore, the new model provides a
more accurate treatment of the unsteady aerodynamic effects, which can be very im-
portant during rotor maneuvers. The modeling of additional flow physics makes the
numerical algorithm more complicated, and the effectiveness of this new methodol-
ogy needs to be established properly before it can be applied confidently to the study
of helicopters under maneuvering flight conditions.
This chapter focuses on implementing the methodology that was developed to
numerically simulate various existing experimental studies and validate the numerical
model with the available experimental data. The emphasis of the validation efforts
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will be primarily on flight conditions that have hitherto proven a challenge to existing
aerodynamic models. Operations in ground effect and the analysis of coaxial rotors
are good examples where the interaction of the wake with the ground or the mutual
interaction of the wakes from the two rotors (in the case of coaxial rotors) have caused
problems for most existing methods. The enhanced mutual interactions of the wake
vorticity can cause local unsteady effects, which must be captured accurately to enable
proper predictions of the induced velocity field.
This chapter is divided into two parts. The first part will analyze the transient
wake aerodynamics to idealized maneuvers or control pitch perturbations. The em-
phasis in this part will be to comprehensively validate the wake geometries, the wake
inflow, the sectional blade airloads, and the blade flapping response. This is done us-
ing the experiments of Taylor (Ref. 21), Carpenter & Friedovich (Ref. 22), Ellenrieder
& Brinson (Ref. 23) and Jessurun et al. (Ref. 24). These simulations study the wake
response to ramp changes in collective pitch and for harmonic oscillations of collec-
tive and cyclic pitch, mostly under hovering flight conditions. While in practice a
flight maneuver would require the use of a combination of collective, cyclic pitch and
tail rotor inputs, these initial idealized maneuvers are valuable because they provide
considerable insight into the relationship between the wake dynamic response and the
control pitch perturbations. Furthermore, these idealized maneuvers are performed
under controlled conditions and are, therefore, easier to simulate using a stand-alone
rotor model. The second part of this chapter will analyze in detail the wake geome-
try for rotors operating in ground effect, both in hover and forward flight conditions,
and also for coaxial rotor configurations. The performance predictions for rotors op-
erating in ground effect will be compared with the experimental measurements by
Fradenburg (Ref. 117) and Sheridan & Weisner (Ref. 118).
80
3.1 Transient Wake Response to Time-Dependent Blade
Pitch Inputs
The studies of the wake aerodynamics and the resulting induced velocity field for ro-
tors operating IGE and for coaxial rotors provide valuable insight into the behavior
of the rotor wake in response to local unsteady effects. However, the conditions are
nominally steady, and provide no understanding of the wake response to changes in
the rotor operating conditions or control pitch inputs. Very few laboratory experi-
mental studies for the wake response to time-varying blade pitch control inputs are
available in the literature. The documented experimental studies and the important
observations have been discussed in detail in Section 1.1.3.
As mentioned previously, the primary wake response to perturbations from control
pitch inputs is the bundling of the tip-vortices into a toroidal ring structure below the
rotor. A similar behavior is observed in the transient wake simulations for changes
in the collective pitch settings in the experiments of Carpenter & Friedovich – see
Fig. 3.1.
Figure 3.2 shows the wake geometry and the streamlines along a vertical plane
for an impulsive change in the collective pitch of the rotor blades. The bundling of
the tip vortices is clearly visible in Fig. 3.2(a). Comparing Fig. 3.2(b) with Fig. 1.2,
it is evident that the qualitative nature of the flowfield around the rotor is captured
by the use of time-accurate free-vortex wake methodology. The following sections
will compare in greater detail the quantitative predictions of the free-vortex wake
simulations with measurements obtained from the experimental studies.
Figure 3.3 shows the comparison of wake boundary predictions with the flow vi-
sualization from the experiments of Carpenter & Friedovich (Ref. 22), for a ramp
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Figure 3.1: Flow visualization of the rotor wake from the experiments of Carpenter &
Friedovich showing the characteristic bundling of tip vortices in response to impulsive
change in the collective pitch input. (Photo from Carpenter & Friedovich (1953).)
change of collective pitch at 20◦/s. The free-vortex wake methodology is capable of
capturing the spatial evolution of the bundling of tip vortices. However, the images
from the experiments do not provide adequate information to exactly determine the
spatial location of the vortex bundle to perform a quantitative comparison of the wake
geometry.
3.1.1 Ramp Changes in Collective Pitch
The simulations of the experiments of Carpenter & Friedovich (Ref. 22) were consid-
ered in some detail. In this experiment, the time dependent rotor response was studied
subject to a rapid ramp increase in collective pitch. The three-bladed rotor had a ra-
dius of 5.8 m with solidity of 0.042. The rotor was operated at approximately 220 rpm
(Ω = 23.04 rad/s). The rotor collective pitch, θ0, was increased linearly from 0◦ to a















(b) Streamlines across a vertical plane
Figure 3.2: Wake geometry and time-averaged streamlines across a plane through the
longitudinal centerline for an impulsive change in the collective pitch of the rotor. (a)
























(b) Flow visualization from experiments
Figure 3.3: Comparison of the wake boundary with the flow visualization images for
a ramp change of collective pitch at 20◦/s three rotor revolutions after initiation of
the maneuver. (a) Free-vortex wake predictions, (b) Flow visualization. (Photo from
Carpenter & Friedovich (1953).)
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In the experiments the blade flap angles, the rotor thrust, and the mean rotor inflow
were measured as functions of time. Flow visualization was also performed in this
experiment, complementing a valuable set of measurements for a relatively simple set
of time-dependent blade pitch inputs.
Rotor Wake Dynamics
The computed evolution of the vortical wake structure is shown as a sequence of
snapshots in Figs. 3.4 through 3.6 for three collective ramp rates of 200, 48 and 20
degrees per second, respectively. The geometry of the tip vortices trailing from the
three blades is shown at selected times after the collective pitch input was applied.
It is apparent that in each case the trailed vortices initially pair off and bundle up
below the rotor to form a vortex ring. This is also shown by the flow-visualization
images of Carpenter & Friedovich (Ref. 22). Immediately after the collective pitch
input was applied, the vortices trailed from the blade tips can only convect relatively
slowly away from the rotor because of the initially low thrust and low induced inflow.
In fact by comparing the helicoidal pitch of the computed wake at early times versus
later times in each case it is apparent that the net inflow through the rotor builds
up only relatively slowly over several rotor revolutions. Initially, therefore, the tip
vortices lie in close proximity to each other, and their respective induced velocities
create a tendency for them to pair about each other. This pairing tendency is the main
reason for the formation of a bundled vorticity immediately below the rotor plane. As
previously alluded to, this vortex ring is analogous to the starting vortex system for a
wing undergoing a sudden change in angle of attack (Ref. 25).
After the wake begins to develop and the inflow through the rotor increases, the











































































































































(f) t = t0 +14 revs
Figure 3.4: Snapshots of the wake geometries at different instances in time showing











































































































































(f) t = t0 +14 revs
Figure 3.5: Snapshots of the wake geometries at different instances in time showing











































































































































(f) t = t0 +15 revs
Figure 3.6: Snapshots of the wake geometries at different instances in time showing
the bundling of the tip vortices for a ramp change in collective pitch at 20◦/s.
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field, and the starting ring is convected further down in the wake below the rotor.
Notice that in each case the ring vortex structure is unstable and begins to show the
presence of pronounced sinusoidal deformation modes or Kelvin waves (Ref. 85).
These waves grow in amplitude with time and eventually cause the starting vortex
system to break down as it convects into the far wake below the rotor.
As the rotor-induced inflow approaches a steady state value, the vorticity associ-
ated with the vortex ring has now been convected downstream well away from the
rotor blades. After about four to six rotor revolutions (depending on the collective
ramp rate), this starting wake has been convected about one and a half rotor radii be-
low the rotor. At this point, any further instability has a small influence on the rotor
aerodynamics. The wake then approaches a steady-state (periodic) condition with the
tip vortices taking on a more characteristic helicoidal form.
Rotor Thrust and Blade Flapping Response
Figures 3.7 through 3.9 show the predicted results of the rotor thrust and blade flap-
ping response time-histories for the three collective pitch ramp rates of 20◦/s, 48◦/s
and 200◦/s, respectively, along with measurements from the experiments. In each
case, the predicted time-history of the rotor thrust response and build up in the blade
flapping show good agreement with the measured values. Notice that there is a lag
in the development of the rotor thrust, which builds up and reaches its final value in
about two to four rotor revolutions, depending on the collective pitch input rate. The
intermediate values of thrust show significant overshoots before settling down to their
final values. For the highest ramp rate of 200◦/s, the thrust overshoot is about twice
the steady-state value, confirming the significant effects of transient blade pitch inputs








































(b) Blade flapping response
Figure 3.7: Time-histories of the rotor thrust and the blade flapping response for a
ramp change in collective pitch from 0◦ to 12◦ at 20◦/s: (a) Thrust response, (b) blade








































(b) Blade flapping response
Figure 3.8: Time-histories of the rotor thrust and the blade flapping response for a
ramp change in collective pitch from 0◦ to 12◦ at 48◦/s: (a) Thrust response, (b) blade








































(b) Blade flapping response
Figure 3.9: Time-histories of the rotor thrust and the blade flapping response for a
ramp change in collective pitch from 0◦ to 12◦ at 200◦/s: (a) Thrust response, (b)
blade flapping response. Measurements from Carpenter & Friedovich (1950).
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The lag in the mean rotor inflow and thrust overshoots in these experiments were
attributed by Carpenter & Friedovich to flow inertia effects, i.e., a noncirculatory or
apparent mass effect. This was the first documented instance of the development of
a so-called dynamic inflow equation. In view of the present results, however, it can
be concluded that the problem is dominated by the temporal evolution of the vorticity
trailed into the rotor wake, and therefore, it is predominantly a circulatory effect.
3.1.2 Oscillatory Pitch Inputs
The dynamic response of the rotor wake to a step or ramp change in collective pitch
can be idealized by a combination of responses to a series of inputs at several different
frequencies. In this section, the behavior of the inflow induced by the rotor wake to
oscillatory blade pitch excitation is examined. This problem has been studied experi-
mentally (Ref. 23) to provide validation of various dynamic inflow models (Refs. 119,
120). The rotor-wake dynamic response at low and intermediate ranges of frequen-
cies below the rotational frequency is of particular interest from the perspective of
helicopter flight dynamics and handling qualities. This is also important for rotor
acoustics, the resulting wake evolution and changes in the tip vortex positions being
closely correlated with rotor noise fluctuations.
Ellenrieder & Brinson (Ref. 23) have conducted a series of experiments to measure
the time-dependent inflow of a hovering rotor in response to sinusoidal excitations of
the collective and cyclic pitch. The experiments used a four-bladed model rotor with
rectangular blades which were torsionally soft. Under normal operating conditions
these blades had an elastic twist of approximately −6◦ (information provided by El-
lenrieder to the author and not documented in Ref. 23). The rotor radius was 0.77 m,
the blade chord was 0.06 m, and the rotor was operated at a nominal rotational speed
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of 1200 rpm (Ω = 125.66 rad/s). The rotor thrust coefficient CT was 0.013, although
the thrust was not measured directly and only estimated. The blade pitch inputs for
both collective and cyclic excitations consisted of changes of 1.5◦ in magnitude. The
measurement of inflow velocities was made using hot-wire anemometers at 10 sta-
tions along the radius and 0.2R below the rotor at the 90◦ azimuth location. A Fourier
frequency analysis was used to find the amplitude and phase of the spatial and tem-
poral inflow response, although results for only the first harmonic have been made
available.
Collective Pitch Excitation
Collective pitch excitation was accomplished by changing the time-varying pitch of
all four rotor blades exactly in phase. An example of the computed rotor wake evolu-
tion is shown in Fig. 3.10 for an excitation of 12.5 Hz (0.625/rev). It is apparent that
in this case the perturbations to the blade pitch inputs manifest as waves of alternating
regions of axial expansion and contraction between adjacent groups of tip vortices.
The axial contraction of the wake is qualitatively similar to that observed for an im-
pulsively started rotor, with the bundled filaments closely resembling the formation of
vortex rings. However, because of the continuous oscillations in the collective blade
pitch, the regions of contraction is followed by a region of expansion where the wake
vortices have a larger axial separation. This sequence occurs over the whole extent of
the wake as the perturbations travel through the wake system as long as the excitations
in the blade pitch persist.
The induced inflow at the rotor disk also showed an oscillatory behavior as a
result of these periodic waves of contraction and expansion inside the rotor wake.

















































(b) ψ = ψb +380◦
Figure 3.10: Side views of wake geometry showing the vortex bundling for collective
pitch excitation at two different instances in time.
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corresponding phase of the inflow response across the span of the blade. The inflow
values are shown relative to the values obtained in the hovering state. Clearly, the
results in Fig. 3.11 show that the inflow response varies significantly with both the
excitation frequency and the radial blade station. For low excitation frequencies, the
inflow response is nominally constant over the span. As the excitation frequency in-
creases, however, the unsteady inflow response appears to be concentrated more in the
tip region, which is also the trend observed in the experiments. This is an interesting
observation because the maximum inflow response corresponds approximately to the
spanwise location of the maximum in the blade lift. The results also show that at the
low excitation frequencies the inflow is much more in phase with the collective pitch
excitation. As the excitation frequency is increased, however, the phase lag increases
quickly over the inboard portion of the blades. This trend observed in the experiments
was well modeled by the present analysis.
Cyclic Pitch Excitation
The experiments of Ellenrieder & Brinson (Ref. 23) also included results for cyclic
pitch excitations, although these data were more limited in scope and phase data are
unavailable. In this case, the time-varying pitch of the four blades were excited with
a successive phase lag of 90◦, thereby constituting a cyclic excitation. An example
of the wake evolution for a cyclic excitation at 12 Hz (0.6/rev) is shown in Fig. 3.13.
As noted for the case with collective inputs, the wake structure showed a wave-like
behavior, with alternate regions of axial contraction and expansion between successive
groups of tip vortices. However, because in this case the blade pitch was excited in a



























Non-dimensional radial location, r/R
Free-vortex wake
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Non-dimensional radial location, r/R
Free-vortex wake
Measurements
(b) 12.5 Hz (0.625/rev)
Figure 3.11: Amplitude response of the induced inflow along the blade span for
collective pitch excitation at different frequencies: (a) 5 Hz (0.25/rev), (b) 12.5 Hz


























Non-dimensional radial location, r/R
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Non-dimensional radial location, r/R
Free-vortex wake
Measurements
(d) 21.7 Hz (1.085/rev)
Figure 3.11: (Cont’d.) Amplitude response of the induced inflow along the blade
span for collective pitch excitation at different frequencies: (c) 17.2 Hz (0.86/rev), (d)


























Non-dimensional radial location, r/R
Free-vortex wake
Measurements
(e) 27 Hz (1.35/rev)
Figure 3.11: (Cont’d.) Amplitude response of the induced inflow along the blade span
for collective pitch excitation at different frequencies: (e) 27 Hz (1.35/rev). Experi-
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Non-dimensional radial location, r/R
Free-vortex wake
Measurements
(b) 12.5 Hz (0.625/rev)
Figure 3.12: Phase response of the induced inflow along the blade span for collective
pitch excitation at different frequencies: (a) 5 Hz (0.25/rev), (b) 12.5 Hz (0.625/rev).
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Non-dimensional radial location, r/R
Free-vortex wake
Measurements
(d) 21.7 Hz (1.085/rev)
Figure 3.12: (Cont’d.) Phase response of the induced inflow along the blade span
for collective pitch excitation at different frequencies: (c) 17.2 Hz (0.86/rev), (d)

























Non-dimensional radial location, r/R
Free-vortex wake
Measurements
(e) 27 Hz (1.35/rev)
Figure 3.12: (Cont’d.) Phase response of the induced inflow along the blade span for
collective pitch excitation at different frequencies: (e) 27 Hz (1.35/rev). Experimental

















































(b) ψ = ψb +380◦
Figure 3.13: Side views of wake geometry showing the vortex bundling for cyclic
pitch excitation at two different instances in time.
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The first harmonic magnitude of the rotor-induced inflow across the span of the
blade to cyclic pitch excitation is shown in Fig. 3.14 for several excitation frequen-
cies. Overall, the predictions showed good agreement with the experimental results.
As found for the collective inputs, the inflow response with increasing excitation fre-
quency was more significant near the blade tips. The high inflow amplitude in the
region of maximum blade lift was even more pronounced than the corresponding re-
sults for the inflow response to collective pitch excitation (see Fig. 3.11). However,
the overall inflow response to cyclic pitch excitation was found to be significantly
different from the response to the collective pitch excitation. The diminishing ampli-
tude in the intermediate frequencies below half the rotational frequency is especially
interesting because this frequency range determines the basic handling qualities and
control characteristics of the helicopter. The results for the radial variation in the
corresponding phase of the first harmonic in the predicted inflow response are shown
in Fig. 3.15. No experimental data are available in this case. The phase response
was also found to be different from the phase response to the collective pitch exci-
tation. The phase lag was found to be greater on the inboard parts of the rotor. The
results suggest that the tip vortices are the primary features influencing the temporal
evolution of the overall rotor wake.
Figure 3.16 shows a comparison the time histories of the normalized rotor thrust
and power for periodic excitations of collective pitch at 12.5 Hz and the cyclic pitch at
12 Hz. Notice that even though the collective pitch and the cyclic pitch were perturbed
by the same amplitude and approximately the same frequencies, the cyclic pitch exci-
tation does not have a significant effect on the integrated thrust and power values, even
while affecting the wake geometries and the wake induced inflow at the rotor plane.
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Non-dimensional radial location, r/R
Free-vortex wake
Measurements
(b) 12 Hz (0.6/rev)
Figure 3.14: Amplitude response of the induced inflow along the blade span for cyclic
pitch excitation at different frequencies: (a) 5 Hz (0.25/rev), (b) 12 Hz (0.6/rev). Ex-




























Non-dimensional radial location, r/R
Free-vortex wake
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Non-dimensional radial location, r/R
Free-vortex wake
Measurements
(d) 22 Hz (1.1/rev)
Figure 3.14: (Cont’d.) Amplitude response of the induced inflow along the blade span
for cyclic pitch excitation at different frequencies: (c) 17 Hz (0.85/rev), (d) 22 Hz




























Non-dimensional radial location, r/R
Free-vortex wake
Measurements
(e) 27 Hz (1.35/rev)
Figure 3.14: (Cont’d.) Amplitude response of the induced inflow along the blade span
for cyclic pitch excitation at different frequencies: (e) 27 Hz (1.35/rev). Experimental
























Non-dimensional radial location, r/R























Non-dimensional radial location, r/R
(b) 12 Hz (0.6/rev)
Figure 3.15: Phase response of the induced inflow along the blade span for cyclic
























Non-dimensional radial location, r/R























Non-dimensional radial location, r/R
(d) 22 Hz (1.1/rev)
Figure 3.15: (Cont’d.) Phase response of the induced inflow along the blade span

























Non-dimensional radial location, r/R
(e) 27 Hz (1.35/rev)
Figure 3.15: (Cont’d.) Phase response of the induced inflow along the blade span for
cyclic pitch excitation at different frequencies: (e) 27 Hz (1.35/rev).
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that the perturbations of the cyclic pitch are not important. Excitations of cyclic pitch
affects the tip vortex trajectories and, therefore, the interactions of the vortices with
the blades. This can affect the distribution of the airloads across the rotor disk and
thereby the rotor acoustics.
3.2 Operations In Ground Effect (IGE)
Predicting the rotor wake geometry and the rotor performance in ground effect using
numerical models has been difficult because of the inability of the existing models
to accurately capture the nonlinear interactions of the vortical rotor wake with the
ground plane. It has been experimentally observed that when a hovering rotor op-
erates close to the ground, the rotor wake impinges on the ground and is convected
radially outward, analogous to the classical Hiemenz flow (Ref. 121). The interaction
of the wake vortices with the ground plane also affects the inflow at the rotor TPP.
For constant rotor thrust, the inflow at the rotor decreases and, therefore, produces a
reduced power requirement.
While operating in ground effect seems beneficial as far as power requirements
are concerned, these benefits disappear if the wake recirculates and is reingested by
the rotor (Ref. 20). Such conditions can be found during transition to forward flight in
ground effect. Experiments by Sheridan and Weisner (Ref. 118) show the formation
of a ground vortex upstream of the rotor, which can result in flow recirculation near
the leading edge of the rotor disk. This increases the power requirements during
transition to forward flight; this is be considered as a form of “power settling.”
The present calculations were performed on a generic three-bladed rotor with a







































































(b) Non-dimensional power time-history
Figure 3.16: Comparison of the thrust and power time histories for periodic excitaiton
of the collective pitch (at 12 Hz) and the cyclic pitch (at 12.5 Hz). (a) Nondimensional
rotor thrust, (b) non-dimensional rotor power ratio.
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to a constant thrust of CT = 0.008, unless mentioned otherwise. The ground effect
simulations were simulated using the method of images (Ref. 35).
3.2.1 Hover In Ground Effect
Figure 3.17(a) shows an example of the rotor wake geometries for the rotor and its
image, as predicted by the free-vortex methodology using the method of images. It is
observed that the wake spreads radially outward as it approaches the ground. How-
ever, the radial convection does not continue indefinitely, and the wake starts rolling
up beyond a certain distance for the rotor.
The rollup is seen more clearly in Fig. 3.17(b), which shows the wake boundary
for a hovering rotor operating near ground at a height h = 1.5R. Notice that the wake
contracts immediately below the rotor, but then begins to expand radially outward as
it approaches the ground. The radial expansion vigorously stretches the tip vortices,
and modifies the local induced velocity field. The high positive strain imposed on the
filaments counteracts viscous diffusion effects decreasing the core size, and the vor-
tices persist in the flowfield for a longer duration, a result supported by experimental
observations (Ref. 88).
Figure 3.18 shows the predicted wake geometries for hovering rotors operating at
different heights above the ground, ranging from h = 3R (essentially “out of ground”
effect) to as close as h = 0.5R. Notice that rotor wake and its image is symmetric
about the ground plane and the wake filaments do not intersect the ground plane. This
can be a problem encountered when using the method of images with a relaxation
wake model when the rotor operates very close to the ground (Ref. 20). However,

























































Figure 3.17: Wake geometry of a hovering rotor in ground effect predicted using the
method of images. CT = 0.008, h/R = 0.15: (a) Wake geometry showing the rotor



















































(b) h/R = 2.5
Figure 3.18: Wake geometries for a three-bladed rotor operating at different heights



















































(d) h/R = 1.5
Figure 3.18: (Cont’d.) Wake geometries for a three-bladed rotor operating at different



















































(f) h/R = 0.5
Figure 3.18: (Cont’d.) Wake geometries for a three-bladed rotor operating at different








































(b) Component breakdown of power requirements
Figure 3.19: Predictions of total power requirements during operation in ground effect
as a function of the height of the rotor plane above the ground.
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Figure 3.19(a) shows the predictions of the power required for a rotor operating
IGE in comparison to the power required OGE as a function of the rotor height above
the ground. The predictions are in good agreement with the performance measure-
ments made by Fradenburgh (Ref. 117). These predictions are also in good agreement
with the empirical curves suggested by Hayden (Ref. 122) and by Layton (Ref. 123)
based on curve-fits to actual helicopter rotor power measurements. Notice that for
heights h/R > 2.5, the ratio PIGE/POGE approaches unity. This is expected because
the wake geometry in Fig. 3.18(a) shows no effect of the ground on the wake at these
heights. As the rotor height above the ground is decreased, the power required drops
considerably below the OGE power requirements.
Figure 3.19(b) shows the breakdown of the required power into induced and pro-
file power components as a function of the height about the ground. Notice that the
profile power component decreases only slightly as the rotor operates closer to the
ground whereas the induced power decreases quickly as height between the rotor and
the ground plane is reduced. The reduction in the net inflow through the rotor im-
plies that the rotor can now operate at a lower collective pitch to generate the desired
thrust. Operating at a lower collective pitch setting also leads to a slight decrease in
the profile power requirements.
3.2.2 Forward Flight In Ground Effect
The interactions between the wake vortices are enhanced as the rotor transitions into
forward flight (see Figs. 3.20 and 3.21). The tip vortices start bundling in the advanc-
ing and retreating side forming a “horseshoe” shaped vortex bundle near the ground.
This bundled ring structure is washed away quickly as the forward flight speed in-
creases, and the wake structure at higher advance ratios is found to be similar to that
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observed OGE. The bundled vortex structure affects the induced velocity at the ro-
tor plane, and this reduces the overall rotor power requirements at these low advance
ratios, as seen in Fig. 3.22. Notice that the power requirements are not affected by
the presence of the ground plane at higher advance ratios. The predictions from the
free-vortex wake methodology show excellent agreement with the estimates from ex-
periments of Sheridan & Weisner (Ref. 118).
The flow field velocities from the free-vortex wake simulations IGE were calcu-
lated over a grid of points along the longitudinal and lateral centerline planes. From
the time-averaged velocity field over one revolution the streamline patterns can be
determined. Figure 3.23(a) and (b) show the time-averaged streamlines around the
rotor IGE for an advance ratio µ = 0.02 across the longitudinal and lateral center-
lines. The rotor was operating at a height h = R above the ground. The results show
clear evidence of the leading edge ground vortex, which is also observed in experi-
ments (Ref. 118). This flow recirculation region is essentially a ground vortex that is
wrapped under the leading edge of the rotor disk and forms just after the rotor tran-
sitions into forward flight from hovering flight. This recirculation is responsible, in
part, for the small increase in power requirements shown in Fig. 3.22.
As the forward flight increases, as shown in Fig. 3.23(c), the recirculation region
diminishes in extent and is swept under the rotor. As already described, however,
as forward flight speed increases, the most substantial effects in the rotor induced
power requirements is the enhanced proximity of the vortex bundles that trail from
the lateral edges of the rotor disk. This can be seen in Fig. 3.23(d) where the vortex
bundles move laterally away from the rotor, but are also closer vertically to the disk
because of the influence of the ground.













































(b) µ = 0.05
Figure 3.20: Side views of the wake geometries for rotor operating at different ad-














































(d) µ = 0.1
Figure 3.20: (Cont’d.) Side views of the wake geometries for rotor operating at differ-
ent advance ratios IGE at a height h = R above the ground, CT = 0.008: (c) µ = 0.08,













































(b) µ = 0.05
Figure 3.21: Rear views of the wake geometries for rotor operating at different ad-














































(d) µ = 0.1
Figure 3.21: (Cont’d.) Rear views of the wake geometries for rotor operating at differ-
ent advance ratios IGE at a height h = R above the ground, CT = 0.008: (c) µ = 0.08,

























Figure 3.22: Power requirements for a rotor operating IGE as a function of the ad-
vance ratio at two different heights, h = R and h = 3R.
the essential features of the rotor wake near the ground, and for identifying the pri-
mary mechanisms that affect rotor performance. This can also be done at a reasonable
computing cost, so the method is useful for a variety of practical studies of rotors op-
erating IGE. The quantitative validity of the approach, however, needs further work,
especially for other types of rotors. Comparisons against detailed flowfield measure-
ments for rotors operating IGE are needed; unfortunately these experimental data do
not yet exist and are difficult to acquire.
3.3 Coaxial Rotors
Coaxial rotor configurations are being considered for the design of heavy lift heli-
copters (Ref. 124). The flowfield surrounding a coaxial rotor is particularly compli-

















(b) Plane through lateral centerline
Figure 3.23: Streamlines showing the formation of the ground vortex for a rotor op-


















(d) Plane through lateral centerline
Figure 3.23: (Cont’d.) Streamlines showing the breakdown of the ground vortex for a
rotor operating IGE increasing advance ratios. CT = 0.008, µ = 0.05.
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rotor disk operates under the influence of the vortical wake of the upper rotor. The
interaction of the tip vortices trailing from the edges of the blade tips of the upper
rotor with the blades of the lower rotor needs to be captured accurately to estimate the
spanwise blade loading on the upper and lower rotors.
For a trimmed flight, the two rotors must generate an equal and opposite torque.
The lower rotor is under an apparent climb condition (arising from the downwash of
the upper rotor) and, therefore, has higher induced power requirements. This means
that for a torque balance, the two rotors must operate at different thrust conditions
such that the net thrust produced is equal to balance the vertical forces.
The wake structure, the induced velocity field and the rotor performance are a
function of the net rotor thrust, the blade shape, and the separation distance between
the two rotors. A thorough study of the variation in induced velocity field with respect
to these parameters is essential in designing an optimal coaxial rotor configuration for
application to heavy-lift helicopters.
Figure 3.24 shows the predicted wake geometries for a generic, four-bladed utility
helicopter configuration at two different inter-rotor separation distances, h = 0.1R
and h = R. The rotors were trimmed for a torque balance and net thrust criteria, as
described in Section 2.6. Notice in Fig. 3.24(a), that the lower rotor operates almost
completely in the wake of the upper rotor. The separation distance is comparable to
the pitch of the helical wake, and the wake of the upper rotor does not have enough
time to develop fully before interacting with the lower rotor. There is also evidence of
strong interaction and pairing between the tip vortices of the upper and lower rotors
in the far wake, i.e., beyond one rotor radius below the rotors.
In contrast, when the rotor separation distance is increased (see Fig. 3.24(b)), the





























(b) h/R = 1.0
Figure 3.24: Wake geometry predictions for a generic coaxial rotor configuration at
two different inter-rotor separation distances. (a) h/R = 0.1, (b) h/R = 1.0.
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of the lower rotor. The wakes of the two rotors are clearly distinguishable in the far
wake, unlike those shown in Fig. 3.24(a). Also notice that the helical pitch of the tip
vortices trailed from the upper rotor increases as it is convected within the wake of
the lower rotor. This is because the tip vortices experience a higher induced velocity
field arising from the wake of the lower rotor. There is some evidence of pairing of tip
vortices in the outer wake (the wake of the lower rotor). The interaction of the lower
rotor blades with the tip vortices trailed from the upper rotor introduces a spanwise as
well as an azimuthal variation in the blade loads on the lower rotor. This perturbation
seems to be responsible for the pairing phenomena observed in the wake of the lower
rotor. The “helicoidal” pairing, in this case, is very similar to that observed in Fig. 3.13
(discussed in more detail in Section 3.1.2) where the wake responds to excitations in
cyclic pitch.
Figure 3.25 compares the spanwise distribution of the induced velocity at the rotor
blade for rotors operating at constant thrust to the case where the rotors are operating
in a torque balance condition. Notice that for small inter-rotor separation distances
(see Figs. 3.25(a) and (b)) there is not a significant difference in the distribution of the
induced inflow, except close to the blade tips. The differences observed near the blade
tips of the lower rotor are primarily because of the strong interactions with the tip vor-
tices from the upper rotor, which have different strengths in these two conditions. As
the rotor separation distance is increased, considerable differences are observed in the
spanwise distribution of the induced velocities for the two cases – see Figs. 3.26(a)
and (b). This is because, for a torque trim condition, the two rotors operate at different
thrust levels as the separation distance increases, as shown in Table 3.1. The differ-
ences in the induced velocity field further affect the bound circulation associated with
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Bottom rotor
(b) CQu = CQl
Figure 3.25: Time-averaged spanwise variations of the induced velocity at the rotor
blade for rotors operating at different separation distances for constant thrust versus a
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(b) CQu = CQl
Figure 3.26: Time-averaged spanwise variations of the induced velocity at the rotor
blade for rotors operating at different separation distances for constant thrust versus a
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(b) CQu = CQl
Figure 3.27: Time-averaged spanwise variations of the bound circulation at the rotor
blade for rotors operating at different separation distances for constant thrust versus a
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Non-dimensional radial location, r/R
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Bottom rotor
(b) CQu = CQl
Figure 3.28: Time-averaged spanwise variations of the bound circulation at the rotor
blade for rotors operating at different separation distances for constant thrust versus a
torque balance condition, h/R = 1.0.
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Table 3.1: Rotor performance parameters for coaxial rotors operating in a torque bal-
ance condition for two different rotor separation distances .
h/R = 0.1 h/R = 1.0












The performance of coaxial rotor configurations was studied in detail by Harrington
(Ref. 125). Identical rotors with two, untwisted blades were used in this experiment.
The rotor blades had a radius R = 3.81 m and a solidity σ = 0.048. The blades had
a tapered planform such that ct/cr = 0.39. The rotational speed of the rotor was
40 rad/s, and the separation distance between the rotors was h = 0.18R. The power
measurements were made for a range of net system thrust levels from CT = 0.0005 to
CT = 0.008 and a torque balance condition.
Figure 3.29 shows the predictions of the required power as a function of the net
system thrust for the Harrington rotor along with the measured values. The results
from the free-vortex wake method show excellent agreement with the measurements.
It has been mentioned previously that a torque balance condition requires the rotors
to operate at different thrust levels. It is noticed that the differences in the thrust


























Figure 3.29: Predictions of the power requirements of for a coaxial rotor configuration

















Net system thrust, CTtotal 
Top rotor
Bottom rotor
Figure 3.30: Rotor trim solutions showing the individual rotor thrust as a function of
the net system thrust.
is because, as the net system thrust is increased, the overall inflow through the lower
rotor increases and, therefore, the upper rotor must generate a greater percentage of
the net thrust to achieve torque balance.
The free-vortex methodology is capable of predicting the rotor performance ac-
curately for the coaxial rotor configurations. While similar results are possible using
simple analysis tools like BEMT, there are several issues with these momentum theory
based methods that need some empirical inputs to solve the problem. For example,
the wake contraction must be prescribed to obtain the influence of the wake of the
upper rotor on the lower rotor. However, in the free-vortex methodology the wake
boundaries are obtained as a solution to the wake problem.
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3.4 Summary
The emphasis of this first chapter of results has been to demonstrate the capability of
the free-vortex wake methodology to accurately predict the rotor wake dynamics, the
resulting induced inflow response along with the rotor performance parameters for a
wide variety of steady and non-steady flight conditions. The wake aerodynamics for
time-varying blade control pitch inputs was studied in detail to better understand the
characteristic wake response to control pitch perturbations. It was observed that the
blade tip vortices had a tendency to pair up and bundle into a toroidal ring structure
below the rotor, an observation supported by experimental flow visualization. These
rings were observed to be unstable and break down as they are convected downstream.
The intensity and the aerodynamics of the bundled wake structure are dependent on
the type and magnitude of the blade pitch inputs. For example, periodic excitations
of collective pitch resulted in a series of axial contractions and expansions of the
wake structure with the bundles parallel to the rotor TPP. However, for excitations
of the cyclic pitch the successive bundles took on a more helicoidal shape. Compar-
isons of quantitative predictions of thrust, blade flapping and inflow response with
available experimental data showed excellent agreement. This provides considerable
confidence in the capability of the present methodology to capture the wake response
and its influence on the blade airloads under arbitrary, unsteady flight conditions. The
methodology can be used as a computational tool in the analysis of free-flight maneu-
vers to better understand the aerodynamics of the rotor during maneuvers, and more
importantly the effect of the pilot control inputs on the rotor aerodynamic loads and
noise levels.
The flow field surrounding the rotor for operations IGE and for coaxial rotor sys-
tems were analyzed in detail. It was seen that for hover IGE conditions the wake
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first contracts, but then quickly expands radially outward as it approaches the ground.
The radial convection does not occur indefinitely because of the propensity of the tip
vortices to pair up and form bundles. Transition into forward flight showed evidence
of the leading-edge ground vortex, a phenomena observed in flow visualization ex-
periments. The rotor power performance estimates were in good agreement with the
measured values for all flight regimes.
The problem of coaxial rotors were analyzed for two conditions, both rotors op-
erating at the same thrust, and the rotors operating in a torque balance condition. It
was observed that for a torque balance the two rotors can operate at very different
thrust levels depending on the separation between the rotors. The inter-rotor separa-
tion distance also influenced the evolution of the wake from the upper rotor. It was
seen that for small separation distances the tip vortices trailed from the blades of the
two rotors interacted closely and paired to form concentric bundles. With the increase
in the separation distance, the wake from the upper rotor was completely engulfed
within the wake of the lower rotor. The helical pitch of the wake vortices increased
as the wake from the upper rotor convected downstream. The wake from the lower
rotor exhibits helicoidal bundling akin to that observed with periodic excitation of the
cyclic pitch. This can be attributed to the spanwise as well as azimuthal variation of




Results & Discussion: Maneuvering Flight
The validation efforts discussed in the previous chapter provide sufficient confidence
in the capabilities of the free-vortex wake methodology to predict the time-varying
wake aerodynamics during non-steady flight conditions. The objective of the current
chapter is twofold. First, to demonstrate the applicability and numerical robustness of
the free-vortex method in computing the rotor aerodynamics for large displacement
flight maneuvers. And second, to apply the numerical algorithm developed to study
various flight maneuvers and gain a deeper insight into the physical features of the
wake dynamics associated with these maneuvers, as well as their potential influence
on the blade airloads and resulting rotor acoustics.
The maneuvers analyzed in this chapter can be broadly categorized into two classes:
idealized and free-flight maneuvers. In idealized maneuvers, only one of the pilot’s
control inputs is perturbed to perform the maneuver. This neglects the effects of cross-
coupling and might cause an imbalance in the forces along the primary axes. The final
orientation and the flight path of the helicopter are arbitrary, and depend very much
on the type of control inputs used to perform the maneuver. While such maneuvers
are unrealistic in practice, these idealized maneuvers serve as a good starting point in
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the study of non-steady, transient flight conditions. In contrast, free-flight maneuvers
are performed using a combination of collective, cyclic pitch and pedal inputs, and
the primary objective is to fly the helicopter along a desired flight path. This is a more
realistic simulation of actual piloted maneuvers.
Maneuvers initiated both from hover and forward flight conditions are studied in
the subsequent sections. Popup and popdown maneuvers, initiated from a hovering
flight condition, are considered first. This is followed by a study of idealized maneu-
vers initialized from a steady, forward flight condition. Arrested descent, starboard
and port rolls and roll reversals are simulated using idealized, one-degree-of-freedom
control pitch inputs. These idealized maneuvers will help in the identification of the
primary wake features associated with different flight maneuvers. Finally, a thorough
investigation of the starboard and port roll, roll reversal, and quickstop (a variation of
arrested descent maneuver) in piloted, free-flight conditions is presented. The addi-
tional complexities introduced by the cross-coupling effects can be better understood
by comparing the free-flight maneuvers with the idealized maneuvers.
4.1 Determination of the Optimum Wake Resolution
The fidelity with which the acoustic computations can be performed are highly de-
pendent on the spatial and temporal resolution of the predicted wake geometry. High
resolution wake solutions are computationally very expensive. Therefore, an optimum
resolution of the wake needs to be decided to keep the computational costs down to
a practical level, but without losing the capability to predict important acoustic phe-
nomena. Many rotor design analyses use very coarse spatial and temporal resolutions
in wake predictions; in some cases the resolution is as coarse as ∆ψ = 15◦ (Ref. 7).
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Many BVI interactions, especially parallel interactions that are acoustically most sig-
nificant, occur over much smaller spatial domains, i.e., less than 15◦. At such coarse
resolutions it is highly probable that these acoustically critical interactions will not be
captured accurately, or even completely missed.
Figure 2.13 shows a schematic of the error introduced by coarse resolutions. The
curved tip vortices are approximated using straight line segments. At coarser resolu-
tions, these line segments will not approximate the curvature at the point of intersec-
tion accurately. This introduces errors in the exact position of the BVI, the effective
trace Mach number and the interaction angle. Therefore, the sensitivity of the BVI
prediction process on the wake resolution needs to be investigated thoroughly before
proceeding with the actual acoustic analyses of flight maneuvers.
A discretization study was conducted for a rotor in forward flight with an advance
ratio µ = 0.1. The free-vortex wake solution was computed at three different dis-
cretization levels, ∆ψ = 2.5◦, 5◦, and 10◦ respectively. Figure 4.1 shows the BVI
locations predicted by the free-vortex wake method and the corresponding principal
acoustic directivity patterns at the three levels of discretization. The potential BVI
locations with supersonic trace Mach numbers are shown with filled circles. Notice
that the wake geometries with coarser resolutions fail to provide a complete map of
the intersection points. The coarsest resolution (∆ψ = 10◦) fails to capture the paral-
lel interactions in the advancing side, which are extremely important from the rotor
acoustics point of view.
Failure to predict the proper BVI locations lead to very poor acoustic directivity
predictions, as shown in the right hand side plots in Fig. 4.1. The coarsest resolution
does not predict the primary directivity of the acoustic field, which is observed only



































































(c) ∆ψ = 10◦
Figure 4.1: Predictions of BVI locations over the rotor disk and the corresponding
principal acoustic directivity cones along an observer plane at a distance 3R below
the rotor TPP for three different discretization levels for a rotor in forward flight with
advance ratio µ = 0.1. (a) ∆ψ = 2.5◦, (b) ∆ψ = 5◦, (c) ∆ψ = 10◦.
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cusing directions, however, it is still lacking in detail. It is, therefore, obvious that any
reliable predictions of rotor aeroacoustics will require grid resolutions of ∆ψ = 2.5◦ or
even finer grids. However, the computational penalty imposed, when computing wake
dynamics over several rotor revolutions is high. A compromise between the resolu-
tion and computational expense is necessary. Based on the discretization study, one
can conclude that a resolution of ∆ψ = 2.5◦ seems to provide reasonable predictions
of the BVI locations and the acoustic directivity.
As mentioned previously, the transient wake dynamics in response to control in-
put perturbations persist for several rotor revolutions. It must be noted that even for
modest resolutions of ∆ψ = 2.5◦, the simulations of maneuvering flight can take up to
several days on a high end computer workstation. A computational cost breakdown of
the various components of the free-vortex algorithm immediately shows that the Biot–
Savart computations of the mutually induced velocity field of the rotor wake is the
most expensive step. The number of Biot–Savart calculations required per timestep in
a free-vortex wake simulation is given by
NBS = (NbNζ)
2 (4.1)
It is obvious that the Biot–Savart computation for the free-vortex wake structure is
an O(N2) operation. The computational efficiency of the free-vortex method can be
enhanced greatly by reducing the number of Biot–Savart computations, while still
retaining the overall accuracy of the method.
Among the existing techniques for optimizing Biot–Savart computations, the ve-
locity field interpolation technique (Ref. 126), and fast multipole methods (Ref. 79)
offer great promise in reducing computational costs. While fast multipole concepts
can reduce the computational costs from O(N2) to O(N), its application to vortex
filaments is not entirely clear. Therefore, the present method uses the velocity field
144
interpolation technique (Ref. 126) to keep computational costs down to an acceptable
level. In this technique, the positions of all collocation points in the wake are still
determined by applying the principles vorticity transport, however, the self and the
mutually induced velocities are only calculated at the free collocation points; linear
interpolation of the induced velocity field is used at the pseudo-free points. Inter-
polation of the velocity field is equivalent to interpolation based on the first-order
derivatives of the vortex filament positions and, therefore, results in a higher order
solution accuracy.
4.2 Idealized Maneuvers
Idealized maneuvers are a mathematical abstraction where only the primary response
of the wake aerodynamics to any one of the control inputs is studied. These maneuvers
might not be realizable in actual piloted flight because the cross-coupling effects will
introduce additional forces and moments that need to be balanced using appropriate
control inputs for controlled flight along the desired trajectory. For example, consider
the helicopter’s response to a pure collective pitch input. Increasing the collective
pitch will increase the thrust generated by the rotor and, therefore, the helicopter will
ascend vertically and/or accelerate into forward flight, depending also on the disk tilt
angle. However, the increase in the rotor thrust is also accompanied by an increase
in the rotor torque, and the tail rotor must generate a higher thrust to balance the
rotor torque, i.e., the pilot must also apply appropriate pedal inputs to achieve enough
anti-torque moment.
The situation becomes even more complicated when there is an asymmetry in
the flow field across the rotor disk, such as during forward flight. The time-varying
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incident and inflow velocities cause a cyclic blade flapping response, which must be
further offset using appropriate cyclic pitch inputs. While it is essential to study the
maneuvering wake aerodynamics as the sum of responses to all the control inputs
necessary for a controlled flight, it might not be possible to analyze in detail the wake
dynamics associated with different control pitch inputs. Therefore, it is beneficial
to study idealized, albeit abstract mathematical maneuvers to isolate the effects of
individual control pitch inputs and to analyze them in detail. This will help in gaining
a better understanding of additional complexities introduced when simulations of free-
flight maneuvers are performed.
The UH-60 rotor geometry was used as a baseline in the computations. The ro-
tor radius was 8.177 m and the rotational tip speed was 220.9 m/s. All calculations
were carried out for a helicopter weight coefficient of CW = 0.00575, unless men-
tioned otherwise. The wake computations were carried out using relatively fine spatial
and temporal resolutions. While this imposes a significant penalty on the computa-
tional overhead, the wake geometry and airloads time-histories at such resolutions are
necessary for the computation of aeroacoustics associated with BVI (see Section 4.1
and Ref. 9). The discretizations used in the present simulation were ∆ψ = 2.5◦ and
∆ζ = 5.0◦. The velocity field interpolation technique (Ref. 126) was used to compute
velocity fields at intermediate ζ locations when using unequal discretizations.
4.2.1 Popup & Popdown Maneuvers
In a popup maneuver, a military pilot performs a near vertical ascent to look over
terrain or tree tops by quickly pulling up on the collective pitch. In the present sim-
ulation, a positive collective pitch input was applied in the form of a half-doublet












































































(c) Normalized rotor thrust
Figure 4.2: Collective pitch perturbation, change in the vertical position and the time-
history of the rotor thrust during a popup manueuver: (a) Collective pitch relative to
hover value, (b) altitude, (c) normalized rotor thrust coefficient.
histories of the rotor control inputs and the free stream conditions were obtained by
simulating the popup maneuver using the GENHEL model (Ref. 32). These control
time-histories were then prescribed as inputs to the free-vortex based rotor aerody-
namics simulation.
Figures 4.2(b) and (c) show the time-histories of the altitude and the thrust ratio
of the rotor. In an axial flight condition the rate of climb produced depends not only
on excess rotor thrust, but also on the vertical drag of the fuselage caused by the
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rotor downwash and the additional climb velocity. The effects of fuselage drag was




ρV 2z fv (4.2)
In the present study an equivalent flat plate area, fv = 30 ft2 was used in the simula-
tions. The expression for the vertical acceleration of the helicopter as a system can





where a = azk is the acceleration at any given time instant, and Vz was evaluated in
this case as the sum of the average induced velocity in the rotor wake below the rotor.
The drag on the fuselage causes a decrease in the rate of climb (albeit a slow one) after
the controls are restored to their initial state. This is evident from the time-history of
altitude, see Fig. 4.2(b).
For the popup maneuver, the results obtained from the free-vortex wake simula-
tions were compared with those obtained from the GENHEL simulations. Notice that
both the GENHEL results and the free-vortex wake method are in good agreement in
terms of the overall behavior of the rotor thrust and also the climb response (altitude).
The differences in the rotor thrust during the maneuver arise from the differences in
modeling of the wake induced effects between the two methods. Notice that the rotor
thrust at the end of the free-vortex wake simulation does not return to its original state.
This is because the rotor controls in the vortex wake simulation were adjusted to the
values prescribed by GENHEL and, therefore, the trim conditions are not the same
before and after the maneuver.
The predicted wake dynamics during the popup maneuver are shown in Fig. 4.3,
which are snapshots of the side view of the wake geometry at various instances in time.
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Notice that the wake evolution is characterized by the bundling of tip vortices into a
toroidal vortical ring type structure below the rotor disk. The bundled ring structure
is similar to the characteristic wake response to abrupt control pitch inputs that were
observed experimentally by Carpenter & Friedovich (Ref. 22) — see Section 3.1.1.
As the collective pitch is increased a concentration of tip vortices first occurs im-
mediately below the rotor disk. The vortex bundle is then convected downstream
rapidly below the rotor as a wave — see Figs. 4.3(b) and (c). As the collective pitch
is brought back to its initial state another bundling in the wake occurs. This time a
vortical ring is formed further downstream below the rotor — see Fig. 4.3(d). This is
because a decrease in collective pitch reduces the rotor thrust and the wake circula-
tion is reduced near the rotor plane. This situation is less conducive to the bundling
of wake vorticity. A rarefaction wave in this case originates at the rotor plane. The
more tightly packed tip vortices further downstream (which originated when the rotor
was operating at a higher thrust) now bundle in the far wake. This ring is convected
downstream rapidly below the rotor and normal conditions are only established ap-
proximately seven rotor revolutions after the control settings are brought back to their
initial state.
While this maneuver is relatively simple from a piloting perspective, the results
show the rich physics of the wake structure under these conditions, the behavior of
which is certainly not intuitive.
The popdown maneuver is essentially the opposite of a popup maneuver. Here the
pilot decreases the collective pitch in a hovering flight condition and performs a near
vertical descent to quickly reach a lower altitude. This can be done at various rates,
although because this maneuver is usually performed near the ground, the descent























































































































































(f) ψb = ψ0 +4500◦
Figure 4.3: Side views of the wake geometry during a popup maneuver at various
instances in time: (a) Steady hovering flight, (b) maximum collective pitch, (c) col-
lective pitch restored to the initial value, (d) 7.5 rotor revolutions after the maneuver,
(e) 10 rotor revolutions after initiating the maneuver, and (f) wake returns to the hov-
ering state.
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In the present simulation, a negative collective pitch was applied in form of a half-
doublet over a period of approximately five rotor revolutions, as shown in Fig. 4.4(a).
As in the popup maneuver simulation the collective pitch was prescribed as an input
to the free-vortex based rotor wake simulation.
Figures 4.4(b) and (c) show the variations of the altitude and the rotor thrust ratio
over time. Again the predictions from the GENHEL simulation and the free-vortex
model show similar overall results for the rotor thrust and sink rate, but there were
slight differences in the rotor thrust time-history. These differences, as in the case of
a popup maneuver, can be attributed mostly to the effects of the rotor wake dynamics
and to how the nonlinear wake dynamics affect the inflow through the rotor disk.
Figure 4.5 shows snapshots of the side views of the rotor wake geometry for this
case. In this maneuver the rotor descends and begins to encounter its own self gen-
erated wake — see Fig. 4.5(b). Again a change in the blade pitch control settings
is accompanied by the formation of a characteristic vortical ring structure in the ro-
tor wake. However, unlike in the popup case, the vortical ring first forms downstream
away from the rotor plane. This behavior is consistent with the latter part of the popup
maneuver where the collective pitch is lowered from its maximum value.
The descent rates in the present simulation are not very high relative to the in-
duced velocity through the rotor and, therefore, the net vertical velocities are still
high enough to convect away any wake disturbances downstream away from the rotor
TPP. As the collective pitch is restored to its nominal operating condition, however,
there is evidence of strong bundling of the tip vortices near the rotor plane — see
Fig. 4.5(c). This ring again propagates downward through the rotor wake causing a
second saddle in the rotor thrust time-history. The effects of this phenomenon are not






























































(c) Normalized rotor thrust
Figure 4.4: Collective pitch perturbation, change in the vertical position and the time-
history of the rotor thrust during a popdown manueuver: (a) Collective pitch relative























































































































































(f) ψb = ψ0 +4500◦
Figure 4.5: Side views of the wake geometry during a popdown maneuver at various
instances in time: (a) Steady hovering flight, (b) minimum collective pitch, (c) collec-
tive pitch restored to the initial value, (d) 7.5 rotor revolutions after the maneuver, (e)
10 rotor revolutions after initiating the maneuver, and (f) wake returns to the hovering
state.
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delity dynamic inflow model to suitably model such highly nonlinear wake dynamics.
It is evident that in the present simulation the descent rates were mild and were
insufficient to convect the accumulated vortex bundle up and through the rotor TPP;
this would produce a condition resembling the vortex ring state. However, for larger
control input perturbations and larger descent rates, vortex ring state conditions are
more likely to be encountered in response to control inputs, a problem that has been
previously considered using vortex theory in Ref. 87.
From the pilot’s point of view, the popup and the popdown maneuvers are rel-
atively simple flight maneuvers to perform, but aerodynamically these maneuvers
clearly demonstrate the rich details of wake dynamics and also the sensitivity of wake
dynamics to perturbations in blade pitch inputs. The formation of a toroidal ring in
the rotor wake, its propagation and its influence on the rotor airloads is non-intuitive.
Neither the popup or the popdown cases are acoustically significant because the inter-
actions between the blades and their tip vortices are nearly perpendicular (Ref. 9).
4.2.2 Port and Starboard Roll Maneuvers
In a roll maneuver the pilot banks the helicopter in one direction by applying ap-
propriate cyclic control inputs and maintains altitude by using collective pitch. Such
situations occur in practice when the helicopter enters into a coordinated turn from a
steady forward flight condition, or while circling tightly to approach a landing zone.
The roll maneuvers were initiated from a nominally steady descending flight con-
dition at an advance ratio µ = 0.186 and a descent flight path angle γ = −6◦. The
steady, descending flight condition was used as the baseline for all the idealized
flight maneuvers. Figure 4.6 shows the rear view of the wake geometry, the non-
dimensional lift distribution over the rotor disk and the principal acoustic directivity
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patterns for this steady flight condition. Notice how the flight path angle brings the
tip vortices close to the TPP. The wake roll up on the advancing side is found to be
above the TPP. The strong interactions between the wake vortices and the rotor blades
manifest as steep gradients in the lift on the retreating side of the rotor disk — see
Fig. 4.6(b). The noise directivity is more focused in the second quadrant, however,
the noise is generally omnidirectional for this flight condition, as shown in Fig. 4.6(c).
The desired roll rates and angles for the maneuvers were obtained using a linear,
single degree of freedom model of roll dynamics, analogous to the equation for pitch
dynamics described in Ref. 127. The governing equation for roll dynamics (with the
usual simplifications) can be written as
ṗ+Lp p = Lδlatδlat (4.4)




















For the present simulation only representative trajectories were required. It is there-
fore not necessary to know the exact values of the control and stability derivatives
(Ref. 127). The desired trajectory can then be simulated by setting parameters such as
the desired maximum roll rate or the maximum bank angle. The control inputs for the
maneuvers were generated by imposing a rectangular step input for a given duration.












































































(c) Principal acoustic directivity patterns
Figure 4.6: Rear view of the wake geometry, the non-dimensional lift distribution
and the principal acoustic directivity patterns for a representative, four-bladed rotor in
steady descending forward flight condition. CW = 0.00575, µ = 0.186, γ =−6◦.
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In the following calculations, the maximum roll rate was set to p = 45◦/s and the
maximum bank angle was restricted to φ = 60◦ (a 2g turn). The only other unknown
is the time period over which the maneuver is performed. Based on flight test data
(Ref. 128) the time periods for typical banking maneuvers for UH-60 was determined
to be approximately ten rotor revolutions. The vehicle orientation during the maneu-
ver can then be determined using Eq. (4.4).
Figure 4.7 shows the time-histories of the roll rate p and the corresponding bank
angle φ used to simulate the starboard and port roll maneuvers. The rotor was also
continuously trimmed to a higher thrust using collective pitch inputs which is required
to satisfy vertical force equilibrium during the banking maneuver.
Figure 4.8 shows the rear views of the wake snapshots for a rotor executing a
starboard roll maneuver at different instants in time. The roll towards the starboard
side delays the roll up of the wake vortices along the retreating side of the rotor disk.
Notice that the final wake geometry, with maximum bank angle orientation, is con-
siderably different from that observed in steady, descending flight condition — see
Fig. 4.6(a). However, the maneuver brings the blade tip vortices closer to the rotor
TPP in the first quadrant, thereby enhancing the potential of BVIs here. This is also
apparent in the rotor lift distribution at the end of the roll maneuver, as shown in
Fig. 4.9. Notice the high impulsive loads on the rear advancing side (see Fig. 4.9(f))
which is again caused by the increased numbers of BVIs.
Figure 4.10 shows the snapshots of the rear views of the wake geometries for
a rotor executing roll to port. The behavior is similar to that observed during the
starboard roll, except that now the wake passes up more through the retreating side
of the rotor disk. This maneuver also causes a lag in the roll up of the wake on the














































(b) Roll angle, φ
Figure 4.7: Time-histories of the absolute roll rate p and the corresponding bank angle











































































































































(f) t = t0+20 revs, φ = 55◦
Figure 4.8: Snapshots of the rear view of the wake geometry for a representative,









































































































































































(f) t = t0+20 revs, φ = 55◦
Figure 4.9: Contours of the non-dimensional lift distribution ClM2 for a representa-
tive, four-bladed rotor excecuting a starboard roll at various instances in time.
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Figure 4.11 shows the contours of the non-dimensional lift distribution across the
rotor during this maneuver. In this case, however, the rolled-up bundle of tip vortices
on the advancing side moves down through the rotor disk. This interaction is respon-
sible for the steep gradients in the lift distribution on the advancing side during the
maneuver (see Figs. 4.11(b)–(e)). When the rotor reaches the maximum bank angle it
is observed that the BVIs on the retreating side intensify, as shown in Fig. 4.11(f).
The rotor lift distribution for both starboard roll and the port roll (Figs. 4.9 and
4.11) cases were found to be considerably different from each other. The magnitudes
of lift are higher during the maneuver because the rotor is operating at a higher thrust.
However, the more interesting aspect is the distribution of the lift and BVI locations
over the rotor disk. During the starboard roll maneuver the lift distribution is biased
toward the retreating side. The opposite is true in the case of the port roll maneu-
ver. Overall there is evidence of high impulsive blade loads during the roll maneuvers
resulting from enhanced numbers and intensities of BVI, which can also have a sig-
nificant impact on the intensity of rotor noise.
Figures 4.12 and 4.13 show snapshots of the acoustic directivity patterns at various
instances in time for a rotor executing starboard and port roll maneuvers, respectively.
The directivity patterns are clearly sensitive to the sign of the roll maneuver. This is
not surprising because the wake dynamics is particularly sensitive to the manuever
state — see Figs. 4.8 and 4.10. As the rotor enters the roll maneuver from a steady
flight condition, the noise radiation pattern is omnidirectional. However, as the ro-
tor progresses through the maneuver the noise radiation pattern starts to focus more
strongly in a particular direction, the actual direction depending on whether a star-
board or a port roll is performed. The primary focusing of the wave fronts occurs in











































































































































(f) t = t0+20 revs, φ =−55◦
Figure 4.10: Snapshots of the rear view of the wake geometry for a representative,









































































































































































(f) t = t0+20 revs, φ =−55◦
Figure 4.11: Contours of the non-dimensional lift distribution ClM2 for a representa-
tive, four-bladed rotor excecuting a port roll at various instances in time.
163
they occur in the first and second quadrants. Based on the changes in the intensity
of the lift distribution, differences in the intensity of the noise generated can also be
expected in these flight conditions.
Observe the sequence of the directivity patterns over rotor revolutions 8 to 20
— see Figs. 4.12(d) through (f) and Figs. 4.13(d) through (f). The change in the
bank angle of the rotor is almost negligible. However, the acoustic radiation patterns
still show considerable changes over time. This can be attributed almost entirely to
the temporal lag in the wake dynamics; the wake is still adapting to the change in
rotor position (bank angle and roll rates) over the first eight rotor revolutions. The
differences in the directivity patterns after the ninth rotor revolution indicates that
there has been further reorganization of the wake structure during this time interval.
Finally, Fig. 4.14 shows the time-histories of the power predictions for the star-
board and port roll maneuvers predicted by the free-vortex wake methodology. As
expected, the power requirements increase as the rotor banks sideways mainly be-
cause the rotor is generating a higher thrust. Notice that the power increase during the
roll to port has a greater time lag when compared to the roll to starboard. However,
the final power requirement is higher when the rotor is banked to port, emphasizing
the asymmetries in the wake geometries during starboard and port rolls.
As mentioned previously, the rotor was trimmed during the maneuver to achieve
vertical force balance. During the trim process the cyclic flapping of the rotor blades
was also eliminated and the so rotor TPP remained perpendicular to the rotor shaft,
i.e., the rotor behaved as a solid disk and there was no lag in the blade flapping re-
sponse. The absence of rotor flapping is the reason why the maximum lift occurs on
the retreating side for a starboard roll and on the advancing side for a port roll. The

























































































































(f) t = t0+20 revs, φ = 55◦
Figure 4.12: Principal sound radiation directions for a representative, four-bladed

























































































































(f) t = t0+20 revs, φ =−55◦
Figure 4.13: Principal sound radiation directions for a representative, four-bladed































Figure 4.14: Time-history of the rotor power during the idealized starboard and port
roll maneuvers.
fact of rotor trim. In the present simulation the rotor was trimmed every quarter of a
revolution. The abrupt change in the collective pitch during trim is accompanied by a
sudden change in the lift distribution and, therefore, trim procedure during a maneuver
is not fully realistic. However, the study still provides valuable insight into the wake
dynamics, especially the asymmetries in the wake evolution during the starboard and
port roll.
4.2.3 Roll Reversal Maneuvers
Consider now a roll reversal maneuver where the helicopter banks to one side and
then rolls to the other side at twice the rate, and then banks to its original flight condi-
tion. This simulation is representative of an evasive combat maneuver. In the present
simulations, the roll reversal maneuver was performed in such a manner that the time
taken for the roll reversal is same as the time taken for the helicopter to roll to the
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maximum bank angle; this means that the roll rates during the roll reversal are twice
that of the initial roll to one side.
The pilot control inputs were a series of rectangular step inputs with appropriate
signs. Figure 4.15 shows the time histories of the roll rate p and the corresponding
bank angle φ used to simulate the roll reversal maneuver. During the maneuver the
rotor was continuously trimmed to a higher thrust using collective inputs to maintain
vertical force equilibrium.
It has already been shown how the wake reacts to the changes in the flight con-
ditions with a relatively long aerodynamic lag. In this case, with the relatively quick
reversal in the roll rate and roll angles, the wake does not have enough time to adjust
to the more rapid changes taking place. It is clear from the simulations in this case
that the rotor moves well into its self-generated wake, greatly enhancing the number
of BVIs. Based on the previously described analysis of pure rolls to starboard and
port, the wake response in the roll reversal can be expected to depend on the manner
in which it is performed, i.e., whether a port-starboard-port (PSP) or a starboard-port-
starboard (SPS) maneuver is performed. Therefore, both PSP and SPS maneuvers
were simulated to better understand the rotor wake dynamics. The rotor orientation
and rates were again input to the free-vortex wake method.
Figure 4.16 shows the snapshots of the rear view of the wake geometry for a
rotor executing an SPS roll reversal. As the rotor banks toward starboard — see
Figs. 4.16(a) and (b)) the wake response was found to be similar to that found during
a starboard roll; the roll up on the advancing side was delayed, and the wake moves
up through the rotor over the advancing side of the rotor disk.
Figure 4.16(b) shows the rotor wake geometry when the rotor attains the maximum










































(b) Roll angle, φ
Figure 4.15: Time-histories of the roll rate p and the corresponding bank angle φ used





























































































(d) t = t0 +18 revs, φ = 0◦
Figure 4.16: Rear views of the predicted wake geometries for a representative, four-
bladed rotor undergoing an SPS roll reversal, µ = 0.186, γ = −6◦: (a) Halfway into
starboard roll, (b) rotor operating at maximum bank angle toward starboard, (c) rotor





























































































(h) t = t0 +36 revs, φ = 0◦
Figure 4.16: (Cont’d.) Rear views of the predicted wake geometries for a rotor un-
dergoing an SPS roll reversal, µ = 0.186, γ = −6◦. (e) Rotor rolling toward port,
(f) rotor at maximum bank angle toward port, (g) rotor returning to straight and level
flight condition, (h) rotor operating at steady descending flight condition.
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rotor disk starts moving into its own wake over the advancing side. Also the roll up
on the advancing side occurs nearer to the rotor disk, and the tip vortices here are now
bundled much tighter. These rolled up vortices interact more strongly with the blades
on the advancing side of the rotor disk — see Figs. 4.16(c) through (e).
Notice that the blades continuously interact with the vortices on the advancing
side of the disk. The bundled tip vortices move further inboard as the rotor attains
its maximum bank angle on the port side and starts returning to the initial operat-
ing state. The wake only slowly returns to its initial state after these conditions are
restored, emphasizing yet again the relatively long timescales involved in the rotor
wake adjustments during maneuvering flight conditions.
Figure 4.17 shows the contours of the lift over the rotor disk for the SPS maneuver.
It is immediately apparent that the roll reversal maneuver introduces considerable
fluctuations in the lift distribution over time. When the rotor rolls initially to starboard,
the lift distribution (Figs. 4.17(a) and (b)) is very similar to that observed during a
starboard roll (c.f., Fig. 4.9). After the rotor reaches its maximum bank angle to the
starboard and starts rolling to the port, the rolled up wake vortices trailed from the
advancing side interact strongly with the blades producing an impulsive load in the
first quadrant of the rotor disk. The BVIs on the advancing side continue to cause
high impulsive loads over the port side of the rotor disk, as shown in Figs. 4.17(d)
through (f). After the rotor returns to its original flight condition, the lift distribution
then becomes very similar to that observed in steady descending flight conditions.
Figure 4.18 shows the sound directivity patterns for a rotor executing an SPS roll
reversal at various instances in time. As the rotor rolls towards starboard the acoustic
directivity — see Figs. 4.18(a) and (b) is found to be similar to the effects obtained














































































































Figure 4.17: Contours of the non-dimensional lift, ClM2, distribution for a represen-
tative, four-bladed rotor undergoing an SPS roll reversal, µ = 0.186, γ = −6◦: (a)
Halfway into starboard roll, (b) rotor operating at maximum bank angle toward star-














































































































Figure 4.17: (Cont’d.) Contours of the non dimensional lift, ClM2, distribution for a
representative, four-bladed rotor undergoing an SPS roll reversal, µ = 0.186, γ =−6◦.
(e) Rotor rolling toward port, (f) rotor at maximum bank angle toward port, (g) rotor


















































































(d) t = t0 +18 revs, φ = 0◦
Figure 4.18: Snapshots of the principal directions of sound propagation for a rep-
resentative, four-bladed rotor undergoing an SPS roll reversal, µ = 0.186, γ = −6◦:
(a) Halfway into starboard roll, (b) rotor operating at maximum bank angle toward

















































































(h) t = t0 +36 revs, φ = 0◦
Figure 4.18: (Cont’d.) Snapshots of the principal directions of sound propagation for a
representative, four-bladed rotor undergoing an SPS roll reversal, µ = 0.186, γ =−6◦.
(e) Rotor rolling toward port, (f) rotor at maximum bank angle toward port, (g) rotor
returning to straight and level flight condition, (h) rotor operating at steady descending
flight condition.
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The directivity patterns, however, change quickly as the rotor reverses the roll rate,
as shown in Figs. 4.18(b) through (f). There is considerable defocusing of sound as
the rotor exits the maneuver and returns to steady flight conditions. The final sound
radiation pattern shown in Fig. 4.18(h) is very similar to that observed in the steady
flight condition, shown previously in Fig. 4.6(c).
Figure 4.19 shows the wake snapshots at different instants in time for a rotor exe-
cuting the PSP roll reversal. The wake response in the initial stages of the maneuver is
comparable to that observed for a roll to port. The wake roll up on the advancing side
interacts closely with the rotor blades on the advancing side as it moves through the
rotor disk — see Figs. 4.19(a and (b)). Notice that the bulk of the wake is in the plane
of the rotor during the port roll. As the rotor reverses the roll direction and begins
its starboard roll motion, the wake roll up on the advancing side moves through the
disk and the wake starts to expand below the plane of the rotor — see Figs. 4.19(c
through (e)). A lag in the wake roll up on the advancing side is also observed. This
mollifies the effects of the BVIs that occur over the advancing side of the disk. After
steady state conditions are established the wake geometries were found to be similar
to those observed in steady, descending flight condition.
Figure 4.20 shows the corresponding contour plots of the lift distribution over the
rotor disk. The interactions between the tightly rolled up vortex bundle trailed from
the advancing side of the disk and the rotor blades manifest as strong impulsive loads
on the advancing side — see Fig. 4.20(a) through (c). However, after the rotor starts
rolling toward the starboard side, the tip vortex bundling is weakened and the wake
expands away from the rotor disk. This is also reflected in the lift distribution (see
Figs. 4.20(d) through (f)) which does not show any changes in the gradients. The





























































































(d) t = t0 +18 revs, φ = 0◦
Figure 4.19: Rear views of the predicted wake geometries for a representative, four-
bladed rotor undergoing a PSP roll reversal, µ = 0.186, γ =−6◦: (a) Halfway into port
roll, (b) rotor operating at maximum bank angle toward port, (c) rotor commencing





























































































(h) t = t0 +36 revs, φ = 0◦
Figure 4.19: (Cont’d.) Rear views of the predicted wake geometries for a representa-
tive, four-bladed rotor undergoing a PSP roll reversal, µ = 0.186, γ =−6◦. (e) Rotor
rolling toward starboard, (f) rotor at maximum bank angle toward starboard, (g) rotor
returning to straight and level flight condition, (h) rotor operating at steady descending
flight condition.
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before attaining its final equilibrium orientation.
Figure 4.21 shows snapshots of the noise directivity patterns for the PSP roll re-
versal. As the rotor rolls toward port notice that the noise is dominated by the near
parallel interactions on the advancing side of the rotor disk. As the rotor enters the
roll reversal, the noise directivity changes quickly, as found with the SPS maneuver.
It is interesting to note that the defocusing of noise occurs when the rotor is at its
maximum bank angle to starboard. The acoustic directivity patterns then change back
to those observed in Fig. 4.6(c) as the rotor returns to steady, descending flight.
Figure 4.22 shows the power predictions during the roll reversal maneuver pre-
dicted by the free-vortex wake methodology. The behavior is similar to that observed
during the starboard and port rolls, however, the maximum transient power require-
ments are considerably smaller than the final steady power requirements observed in
the roll maneuvers. This is because of the lags associated with the wake aerodynam-
ics. The tip vortices do not have enough time to adjust to the control pitch inputs
during the roll reversal.
4.3 Free Flight Maneuvers
For the aerodynamic simulation of free flight maneuvers, the motion of the helicopter
about all the principal coordinate axes must be considered. This requires some form
of helicopter flight dynamics model that is capable of predicting the various forces
acting on the helicopter and calculating the helicopter’s position, orientation, and
velocities. The time-histories of the helicopter motion must then be coupled to the
free-vortex wake model to capture the transient wake aerodynamics during such ma-














































































































Figure 4.20: Contours of the non dimensional lift, ClM2, distribution for a repre-
sentative, four-bladed rotor undergoing a PSP roll reversal, µ = 0.186, γ = −6◦: (a)
Halfway into port roll, (b) rotor operating at maximum bank angle toward port, (c)














































































































Figure 4.20: (Cont’d.) Contours of the non dimensional lift, ClM2, distribution for a
representative, four-bladed rotor undergoing a PSP roll reversal, µ = 0.186, γ =−6◦.
(e) Rotor rolling toward starboard, (f) rotor at maximum bank angle toward starboard,


















































































(d) t = t0 +18 revs, φ = 0◦
Figure 4.21: Snapshots of the principal directions of sound propagation for a repre-
sentative, four-bladed rotor undergoing a PSP roll reversal, µ = 0.186, γ = −6◦: (a)
Halfway into port roll, (b) rotor operating at maximum bank angle toward port, (c)

















































































(h) t = t0 +36 revs, φ = 0◦
Figure 4.21: (Cont’d.) Snapshots of the principal directions of sound propagation for
a representative, four-bladed rotor undergoing a PSP roll reversal, µ = 0.186, γ =−6◦.
(e) Rotor rolling toward starboard, (f) rotor at maximum bank angle toward starboard,
































Figure 4.22: Time-history of the power requirements during the SPS and the PSP roll
reversal maneuvers.
vortex wake model can be performed using two approaches: an uncoupled strategy or
a coupled strategy, which are shown schematically in Fig. 4.23.
In an uncoupled simulation the flow of information is unidirectional, i.e., only
the output from the flight dynamics simulation is prescribed to the free-vortex wake
model to analyze the wake aerodynamics. The flight dynamics model must resort
to a lower-order model (usually the dynamic inflow model) to obtain the induced
velocity field at the blades during the maneuver. The disadvantage of this approach is
that the flight dynamics simulation cannot account for the nonlinearities in the inflow
distribution at the rotor disk arising from bundling of tip vortices during maneuvers.
These nonlinearities can change the net forces and moments acting on the helicopter
(see discussion in Section 4.2.1) and, therefore, the time-history of the control inputs
and the resulting helicopter response might be different from the one obtained using
a dynamic inflow model.
185
In a coupled simulation, the nonlinear inflow across the rotor disk obtained from
the free-vortex wake calculations is fed back to the flight dynamics simulation model
(Ref. 34). The coupling allows the flight dynamics model to account for the nonlinear
evolution of the rotor wake during maneuvers and, therefore, the time-histories of the
control inputs predicted will be, in theory, closer to reality.
However, a coupled flight dynamics, free-vortex wake simulation at resolutions
necessary to properly resolve BVIs can quickly become computationally prohibitive.
Furthermore, the emphasis of this dissertation is to gain a better understanding of the
wake response to control pitch perturbations. For this purpose, it is desirable to study
just the wake aerodynamic response to a combination of control pitch perturbations
in isolation and to ignore the effects of the nonlinear wake induced inflow on the
helicopter flight dynamics response. This is the logical extension of the idealized
maneuvers studied in the previous section. Therefore, the present study adopts an
open-loop strategy for the simulation of free flight maneuvers. As with the idealized
maneuvers, the UH-60 rotor geometry was used as a baseline in all the calculations.
4.3.1 Starboard and Port Roll Maneuvers
Previously, in Section 4.2.2, the starboard and port roll maneuvers were analyzed us-
ing 1-DOF roll equations. It was shown that the wake aerodynamics is complicated
and considerably different for the two cases even without the consideration of cross
coupling effects. Therefore, one can expect further differences in the wake aerody-
namics and possible BVIs when the maneuver is performed using a combination of
real pilot control inputs necessary to perform these maneuvers. While the differences
between rolls to starboard and port respectively are of particular interest, it is also


































































































































































































































































































































































































to roll rates. Therefore, the roll maneuver simulations performed over three different
durations 0.5s, 1s and 5s, corresponding to maximum transient roll rates of approxi-
mately 50◦/s, 35◦/s and 6◦/s respectively, were studied.
Roll to Starboard
Figure 4.24 shows the time-histories of the collective, cyclic and pedal pilot control in-
puts prescribed to the free-vortex wake to simulate roll to starboard over a duration of
0.5 seconds. Notice that the lateral pitch input in this case is not a step function as was
previously assumed. Furthermore, notice that there are considerable changes in the
collective and longitudinal cyclic pitch inputs during the maneuver. Figures 4.24(e)
and (f) show the time-history of the roll rate, p, and the roll attitude, φ, that were
imposed on the rotor during a starboard roll maneuver. Notice that instantaneous roll
rates of over 60◦/s are experienced. Notice also that the pilot overshoots the target
bank angle (at the end of 11 rotor revolutions) and has to bank slightly to port to reach
the desired target bank angle. This correction turns out to a significant effect on the
rotor airloads.
Figures 4.25 and 4.26 show the top and rear wake snapshots for a rotor executing a
starboard roll at various instances in time. As the maneuver progresses the rotor rolls
starboard, bringing the tip vortices closer to the advancing blade — see Fig. 4.26.
The tip vortices trailed on the advancing side (starboard) of the rotor disk are tightly
wound up during the course of this maneuver. Notice that there is a concentrated
vortex bundle that originates when the pilot rectifies the overshoot in roll attitude. The
slight roll to port causes the bundled wake to move through the rotor disk, as shown
in Fig. 4.26(d). Because the wake responds with a certain time lag, it is not entirely


























































































































































(f) Roll attitude, φ
Figure 4.24: Time-histories of pilot control inputs used to perform a starboard roll
maneuver over 0.5 second and the resulting roll response: (a) Collective pitch, (b)
longitudinal cyclic, (c) lateral cyclic, (d) tail rotor collective, (e) roll rate, and (f) roll
attitude.
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roll attitude. It is possible that high transient roll rates (greater than 60◦/s in this case)
were responsible for the vortex bundling and the slight roll to port merely caused the
blades to move into the wake. However, no such strong bundling was observed in
the idealized starboard roll maneuver, where only the effect of roll rates was studied.
Therefore, it can be concluded that the bundling was induced by a combination of
pilot actions and was not just a pure roll rate effect.
In Fig. 4.25(f) it is seen that the tip vortices follow a curved trajectory after the
coordinated turn is established. The bundled structure is quickly convected away and
below the rotor TPP and steady state conditions are soon established.
Figure 4.27 shows the non-dimensional lift contours, ClM2, over the rotor disk for
a reference blade at various instances in time. Notice the intensification of BVIs on the
advancing side of the rotor disk during the starboard roll. Interestingly, the steepest
gradients in the lift distribution (representative of BVIs) do not occur during periods
when the rotor experiences high roll rates, rather it occurs after the pilot corrects for
the overshoot in the bank angle from the desired orientation (see Fig. 4.27(e)). The
piloting correction initiates a bundling of the tip vortices, which is more prominent
on the advancing side of the rotor — see Figs. 4.25(d) and (e). The relative positions
of the rotor blades and the bundled vortices are such that the rotor moves through this
ring structure causing a “super-BVI,” which is evident in Fig. 4.27(e).
Figure 4.28 shows the time-histories of the thrust and the power predictions dur-
ing the maneuver. The behavior is considerably different from that observed during
the idealized maneuver (c.f., Fig. 4.14). Notice that there is a slight decrease in the
power requirements as the maneuver is initiated. The BVI associated with the pilot’s
correction of the overshoot in the bank attitude is seen to have a significant impact in





































































































































(f) t = t0 +22 revs
Figure 4.25: Top views of the predicted wake geometries for a representative, four-
bladed rotor undergoing a starboard roll, µ = 0.093: (a) Before initiation of the ma-
neuver, (b) after 2 revolutions, (c) after 3 revolutions, (d) after 7 revolutions, (e) after









































































(f) t = t0 +22 revs
Figure 4.26: Rear views of the predicted wake geometries for a representative, four-
bladed rotor undergoing a starboard roll, µ = 0.093: (a) Before initiation of the ma-
neuver, (b) after 2 revolutions, (c) after 3 revolutions, (d) after 7 revolutions, (e) after























































































































































(f) t = t0 +22 revs
Figure 4.27: Contours of the non-dimensional lift distribution for a representa-
tive, four-bladed rotor undergoing a starboard roll over a duration of 0.5 seconds,
µ = 0.093: (a) Before initiation of the maneuver, (b) after 2 revolutions, (c) after 3


























































(b) Non-dimensional power coefficient
Figure 4.28: Time-histories of the thrust and power for a four-bladed rotor executing
a starboard roll maneuver over a duration of 0.5 seconds: (a) Thrust, (b) Power.
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Finally, Fig. 4.29 shows the BVI sound pressure levels (BVISPL) at various in-
stances of time predicted by PSU-WOPWOP (Ref. 8) based on the predictions of
the airloads from the free-vortex wake methodology. The plots shown are reproduced
from Ref. 10. The strong gradients on the advancing side is seen to produce an intense
omnidirectional sound as the pilot corrects for the overshoot in the roll attitude.
Figure 4.30 shows the time-histories of the pilot control inputs and the result-
ing roll response for a rotor executing a starboard roll maneuver over a duration of
one second. The magnitudes of control input perturbations necessary to perform this
maneuver are considerably smaller in comparison to the aggressive roll maneuver
considered previously — see Fig. 4.24. Notice that there is a slight overshoot in roll
attitude (Fig. 4.30(f)) and the roll rate necessary to rectify this overshoot is only half
of that required in the previous case — see Fig. 4.24(e). It can, therefore, be expected
that the bundling in this case will not be as intense as was observed in the previous
maneuver.
Figures 4.31 and 4.32 show the snapshots of the top and rear views of the wake
geometry at various instances in time. The qualitative behavior of the wake aero-
dynamics is similar to that observed for the maneuver taking place over 0.5 second
duration (c.f. Fig. 4.25). The roll to starboard brings the trailed vortices closer to the
blades on the advancing side of the disk and the tip vortices are also wound up tightly
on the advancing side. The wake exhibits a tendency to bundle (see Fig. 4.31(e)),
however the bundling is not as intense as was observed in Fig. 4.25(e).
Figure 4.33 shows the contours of the non-dimensional lift distribution over the
rotor disk as the rotor executes the roll to starboard. As the maneuver progresses the
BVIs on the advancing side intensify. Once again the steepest gradients in lift distri-

























































Figure 4.29: BVI sound pressure levels obtained from PSU-WOPWOP showing the
acoustic intensity at an observer plane below the rotor at various instances of time for
























































































































































(f) Roll attitude, φ
Figure 4.30: Time-histories of pilot control inputs used to perform a starboard roll
maneuver over 1 second and the resulting roll response: (a) Collective pitch, (b) lon-






































































































































(f) t = t0 +22 revs
Figure 4.31: Top views of the predicted wake geometries for a representative, four-
bladed rotor undergoing a starboard roll over a duration of one second, µ = 0.093: (a)
Before initiation of the maneuver, (b) after 2 revolutions, (c) after 3 revolutions, (d)









































































(f) t = t0 +22 revs
Figure 4.32: Rear views of the predicted wake geometries for a representative, four-
bladed rotor undergoing a starboard roll over a duration of one second, µ = 0.093: (a)
Before initiation of the maneuver, (b) after 2 revolutions, (c) after 3 revolutions, (d)
after 7 revolutions, (e) after 9 revolutions, (f) rotor operating at desired bank angle.
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intensity of the “super-BVI” in this case is much less in comparison to that observed
in the previous case (c.f., Fig. 4.33(e) with Fig. 4.27(d)).
Figure 4.34 shows the thrust and power time-histories predicted by the free-vortex
wake methodology. The fluctuation associated with the pilot’s correction of the over-
shoot in the bank attitude is considerably mitigated in comparison to the previous
case.
The BVI sound level pressure predictions from PWU-WOPWOP is shown in
Fig. 4.35. It is seen that the intensity of noise generated is not as severe compared
to the previous maneuver – see Fig. 4.29
Finally, Fig. 4.36 shows the control inputs and the corresponding roll response for
the slowest starboard roll manuever considered in the present study, over a duration
of 5 seconds with a maximum transient roll rate of only 6◦/s. In this case there is no
overshoot of the desired bank angle and the maneuver is very benign compared to the
two previous cases.
Figures 4.37 and 4.38 show the snapshots of the top and rear views of the wake
respectively for this case. The transient wake dynamics show no tendency to form
bundles throughout the maneuver. The wake geometry looks very similar to that dur-
ing steady flight condition for most of the maneuver.
The contours of lift distribution — see Fig. 4.39 show no evidence of a “super-
BVI” for the slowest starboard roll maneuver. This is not surprising because the wake
dynamics (see Fig. 4.37) are essentially quasi-steady throughout the maneuver, and
do not interact closely with the rotor blades. There is a slight intensification of the
BVIs over the advancing side of the disk, similar to those observed with the more
aggressive roll maneuvers considered previously. Finally, Fig. 4.34 shows the time-























































































































































(f) t = t0 +22 revs
Figure 4.33: Contours of the non-dimensional lift distribution for a representative,
four-bladed rotor undergoing a starboard roll over a duration of 1 second, µ = 0.093:
(a) Before initiation of the maneuver, (b) after 2 revolutions, (c) after 3 revolutions,

























































(b) Non-dimensional power coefficient
Figure 4.34: Time-histories of the thrust and power predictions for a rotor executing

























































Figure 4.35: Plot showing the BVI sound pressure levels predicted by PSU-























































































































































(f) Roll attitude, φ
Figure 4.36: Time-histories of pilot control inputs used to perform a starboard roll
maneuver over 5 seconds and the resulting roll response: (a) Collective pitch, (b)






































































































































(f) t = t0 +32 revs
Figure 4.37: Top views of the predicted wake geometries for a representative, four-
bladed rotor undergoing a starboard roll over a duration of 5 seconds, µ = 0.093: (a)
Before initiation of the maneuver, (b) after 3 revolutions, (c) after 9 revolutions, (d)









































































(f) t = t0 +32 revs
Figure 4.38: Rear views of the predicted wake geometries for a representative, four-
bladed rotor undergoing a starboard roll over a duration of 5 seconds, µ = 0.093: (a)
Before initiation of the maneuver, (b) after 3 revolutions, (c) after 9 revolutions, (d)























































































































































(f) t = t0 +32 revs
Figure 4.39: Contours of the non-dimensional lift distribution for a representative,
four-bladed rotor undergoing a starboard roll over a duration of 5 seconds, µ = 0.093:
(a) Before initiation of the maneuver, (b) after 2 revolutions, (c) after 3 revolutions,
(d) after 7 revolutions, (e) after 9 revolutions, (f) rotor operating at desired bank angle.
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observed in the previous cases. The variation in thrust and power values are essentially
quasi-steady for this maneuver.
The three starboard roll maneuvers considered highlight the sensitivity of the rotor
wake aerodynamics to the roll rates imposed on the rotor. Furthermore, it emphasizes
the importance of taking into account the human pilot for helicopter flight dynamic
simulations. It is evident from the most aggressive starboard roll maneuver that even
slight perturbations of the control pitch inputs by pilots to rectify attitude and/or tra-
jectory errors can lead to intense BVIs, which can have a significant impact on the
rotor noise signature.
Roll to Port
A roll to port was considered to study the differences in the wake evolution and its
effect on the transient airloads compared to the starboard roll maneuver considered
previously. Figure 4.41 shows the time-histories of the control inputs and the resulting
roll rate, p, and the roll attitude, φ, imposed on the rotor to perform this maneuver.
The maneuver was again performed such that helicopter finally entered a constant
radius,banked turn. As with the starboard roll there is an overshoot of the target bank
angle, which is corrected by rolling slightly to starboard.
While the qualitative nature of maneuver is very similar to the starboard roll con-
sidered previously, there are subtle differences. The final bank angle when the heli-
copter enters the coordinated turn is approximately 32◦ (as compared to φ ≈ 27◦ in
the starboard roll case). While the final bank angle is slightly greater than that for
the starboard roll case, the maximum roll rate during the roll to port is only 45◦/s.
The differences can be attributed to the asymmetries in the rotor loads in the forward

























































(b) Non-dimensional power coefficient
Figure 4.40: Time-histories of the thrust and power predictions for a rotor executing

















































































































































(f) Roll attitude, φ
Figure 4.41: Time-histories of pilot control inputs used to perform a port roll ma-
neuver over 0.5 second and the resulting roll response: (a) Collective pitch, (b) lon-
gitudinal cyclic, (c) lateral cyclic, (d) tail rotor collective, (e) roll rate, and (f) roll
attitude.
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introduces further asymmetries in the force balance in the horizontal plane. The two
maneuvers studied, therefore, are not perfect mirror images of each other. However,
they are realistic approximations of a piloted flight maneuver, and so they provide a
valuable insight into the rotor aerodynamics that are associated with general rolling
type of maneuvers.
Figures 4.42 and 4.43 show snapshots of the top and rear views of the transient
wake geometries at various instances in time during the roll to port. The behavior
is similar to that observed for the starboard roll, except that now the wake passes up
through the retreating side of the rotor disk. Notice that the tip vortices tend to bundle
in the retreating side as a cyclic blade pitch control correction is applied to compensate
for the overshoot in bank angle — see Fig. 4.42(e). However, in this case the vortex
bundling (Fig. 4.42(d)) is not as significant as that observed during the starboard roll
maneuver (c.f., Fig. 4.25(d)). Strong bundling during the port roll maneuver does not
occur until after the tip vortices have been convected away from the rotor disk.
Figure 4.44 shows the contours of the non-dimensional lift across the rotor disk at
various instances in time during the maneuver. Notice the evidence of the formation of
BVIs over the retreating side of the rotor disk. However, the vortex bundling toward
the end of the maneuver does not produce a super-BVI, as was observed with the
starboard roll. This is because the bundling occurs farther below the rotor blades
and does not interact closely with the blades as was observed in the case of the most
aggressive starboard roll — see Fig. 4.27(e). Figure 4.45 shows the time-histories
of the thrust and power predicted by the free-vortex wake methodology. Notice that
the fluctuations associated with the piloting correction are not as significant as those
observed during the starboard roll maneuver (c.f., Fig. 4.28). This is expected because





































































































































(f) t = t0 +22 revs
Figure 4.42: Top views of the predicted wake geometries for a representative, four-
bladed rotor undergoing a port roll, µ = 0.093: (a) Before initiation of the maneuver,
(b) after 2 revolutions, (c) after 3 revolutions, (d) after 7 revolutions, (e) after 9 revo-









































































(f) t = t0 +22 revs
Figure 4.43: Rear views of the predicted wake geometries for a representative, four-
bladed rotor undergoing a port roll, µ = 0.093: (a) Before initiation of the maneuver,
(b) after 2 revolutions, (c) after 3 revolutions, (d) after 7 revolutions, (e) after 9 revo-























































































































































(f) t = t0 +22 revs
Figure 4.44: Contours of the non-dimensional lift distribution for a representative,
four-bladed rotor undergoing a port roll over a duration of 0.5 seconds, µ = 0.093: (a)
Before initiation of the maneuver, (b) after 2 revolutions, (c) after 3 revolutions, (d)

























































(b) Non-dimensional power coefficient
Figure 4.45: Time-histories of the thrust and power predictions for a rotor executing

























































Figure 4.46: Plots showing the BVI sound pressure level predictions by PSU-
WOPWOP for a rotor executing a port roll over a duration of 0.5 seconds, µ = 0.093.
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The BVI sound pressure level predictions from PSU-WOPWOP shown in Fig. 4.46
show no evidence of intense noise levels for this maneuver as was observed for the
starboard roll (c.f., Fig. 4.29). The differences in the starboard and port roll maneuvers
emphasizes the asymmetries in the wake geometry and its impact on the evolution of
the rotor wake during maneuvers.
Figure 4.47 shows the time-histories of the pilot control pitch inputs and the cor-
responding roll response for a rotor executing roll to port over a duration of 1 second.
The maximum transient roll rate experienced during this maneuver is only 35◦/s. The
maneuver is a near mirror image of the starboard roll maneuver considered previ-
ously. Notice the slight overshoot in the target bank angle which the pilot corrects by
rolling slightly to starboard. The roll rates imposed during this correction are of the
same magnitude as in the case of the starboard roll and, therefore, would not cause a
“super-BVI” event.
Figures 4.48 and 4.49 show the top and rear views of the wake geometries, respec-
tively. The qualitative behavior of the wake aerodynamics is similar to that observed
in Figs. 4.42 and 4.43. Note that the tip vortices are more tightly wound up on the re-
treating side of the disk. However, the vortex wake shows no evidence of bundling in
this case. This is not surprising because the roll rates imposed in this case (p = 35◦/s)
are much less in comparison to the previous case (p = 55◦/s). However, one inter-
esting feature observed in the roll to port cases considered so far is that the steep
gradients in the lift distribution — see Fig. 4.50 after the pilot corrects for the over-
shoot in roll attitude , which show no significant differences when the duration of roll
maneuver is increased (c.f., Fig. 4.44(d) and Fig. 4.50(e)). In contrast, the BVI event
during the starboard roll was mitigated considerably by increasing the duration of the






























































































































































(f) Roll attitude, φ
Figure 4.47: Time-histories of pilot control inputs used to perform a port roll maneu-
ver over 1 second and the resulting roll response: (a) Collective pitch, (b) longitudinal





































































































































(f) t = t0 +22 revs
Figure 4.48: Top views of the predicted wake geometries for a representative, four-
bladed rotor undergoing a port roll over a duration of 1 second, µ = 0.093: (a) Before
initiation of the maneuver, (b) after 2 revolutions, (c) after 3 revolutions, (d) after 7









































































(f) t = t0 +22 revs
Figure 4.49: Rear views of the predicted wake geometries for a representative, four-
bladed rotor undergoing a port roll over a duration of 1 second, µ = 0.093: (a) Before
initiation of the maneuver, (b) after 2 revolutions, (c) after 3 revolutions, (d) after 7
revolutions, (e) after 9 revolutions, (f) rotor operating at desired bank angle.
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in Fig. 4.51.
The BVI sound pressure level predictions by PSU-WOPWOP show no evidence of
intense acoustic radiation for the entire duration of the maneuver – see Fig. 4.52. The
noise directivity patterns are similar to those observed in the previous port roll maneu-
ver (c.f. Fig. 4.46) and the noise intensity levels are comparable at various stages of
the maneuver. Increasing the time duration for the maneuver for the starboard roll was
seen to considerably mitigate the intensity of the noise generated, further emphasizing
the asymmetries during starboard and port roll maneuver.
Figure 4.53 shows the time-histories of the control inputs used to simulate the
slowest roll to port maneuver and the resulting roll response. As with the starboard
roll maneuver considered previously, the maximum transient roll rate experienced by
the rotor during the maneuver is only 6◦/s.
Figures 4.54 and 4.55 show the top and side views respectively of the wake ge-
ometries at various instances in time during this maneuver. The wake aerodynamics
shows a slight intensification of the roll up on the retreating side of the rotor disk as
the maneuver progresses. However, there is no propensity of the tip vortices to bundle,
as was observed with the aggressive roll maneuvers.
Figure 4.56 shows the contours of the non-dimensional lift distribution for this
maneuver. Notice that the BVIs on the retreating side are intensified as the rotor
banks to the left. This is because the tip vortices on the retreating side come into close
proximity to the rotor blades. The change in the lift distribution is gradual and there
is no evidence of “super-BVI” conditions for this flight condition. The time-histories
of the thrust and power are shown in Fig. 4.57.
Figure 4.58 shows the individual blade flapping time-histories for the starboard























































































































































(f) t = t0 +22 revs
Figure 4.50: Contours of the non-dimensional lift distribution for a rotor undergoing
a port roll over a duration of 1 second, µ = 0.093: (a) Before initiation of the maneu-
ver, (b) after 2 revolutions, (c) after 3 revolutions, (d) after 7 revolutions, (e) after 9

























































(b) Non-dimensional power coefficient
Figure 4.51: Time-histories of the thrust and power predictions for a rotor executing

























































Figure 4.52: Plots showing the BVI sound pressure level predictions by PSU-























































































































































(f) Roll attitude, φ
Figure 4.53: Time-histories of pilot control inputs used to perform a port roll maneu-
ver over 5 seconds and the resulting roll response: (a) Collective pitch, (b) longitudinal





































































































































(f) t = t0 +32 revs
Figure 4.54: Top views of the predicted wake geometries for a representative, four-
bladed rotor undergoing a port roll over a duration of 5 seconds, µ = 0.093: (a) Before
initiation of the maneuver, (b) after 2 revolutions, (c) after 3 revolutions, (d) after 7









































































(f) t = t0 +32 revs
Figure 4.55: Rear views of the predicted wake geometries for a representative, four-
bladed rotor undergoing a port roll over a duration of 5 seconds, µ = 0.093: (a) Before
initiation of the maneuver, (b) after 2 revolutions, (c) after 3 revolutions, (d) after 7























































































































































(f) t = t0 +32 revs
Figure 4.56: Contours of the non-dimensional lift distribution for a representative,
four-bladed rotor undergoing a port roll over a duration of 5 seconds, µ = 0.093: (a)
Before initiation of the maneuver, (b) after 2 revolutions, (c) after 3 revolutions, (d)

























































(b) Non-dimensional power coefficient
Figure 4.57: Time-histories of the thrust and power predictions for a rotor executing
a port roll over a duration of 5 seconds: (a) Thrust, and (b) Power.
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blades. Clearly the blades track identical paths during the steady-state flight condi-
tion. However, after the maneuver is initiated, the blades begin to follow independent
paths and so the rotor does not behave as a solid disk. This is because of the highly
unsteady, nonlinear flow field experienced by the rotor blades during a maneuver. The
blade flapping response, in turn, affects the wake evolution by influencing the rotor
airloads, thereby introducing a hereditary effect into rotor wake response. Notice that
the transient blade flapping angles are larger in magnitude for the roll to starboard.
This is because of the fluctuations in the induced inflow at the rotor disk caused by
the interaction of the bundled vortex structure with the rotor blades (see Fig. 4.25(c)
through (e)). This emphasizes the very close coupling that exists between the rotor
flapping response and its wake aerodynamics. The differences in the wake response
and the resulting airloads will significantly impact the directivity of rotor noise and
shows, in general, the difficulties in computing the rotor airloads even during rela-
tively simple maneuvering flight conditions.
4.3.2 Roll Reversals
From the simulations of an idealized roll reversal maneuver, it has already been shown
how the wake reacts to the changes in the flight conditions with a relatively long
aerodynamic lag. In this case, with the relatively quick reversal in the roll rate and
roll angles, the wake does not have enough time to adjust to the more rapid changes
taking place. Based on the previously described analysis of pure rolls, one can expect
that the wake response to a roll reversal would also depend on the manner in which
it is performed, i.e., whether a port-starboard-port (PSP) or a starboard-port-starboard
(SPS) maneuver is performed. The calculations are performed by prescribing the



















































(b) Roll to starboard
Figure 4.58: Time-histories of the flapping angle for the individual rotor blades for a
representative, four-bladed rotor undergoing starboard and port roll maneuvers over a
duration of 0.5 seconds: (a) Roll to port, (b) roll to starboard.
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and rates obtained from a GENHEL simulation. The maneuver was performed from
a steady, forward flight condition with an advance ratio µ = 0.093.
Starboard-Port-Starboard (SPS) Roll Reversal
Figure 4.59 shows the time-histories of the roll rate, p, and the corresponding bank
angle, φ, that were used to simulate the SPS roll reversal maneuver. Figures 4.60
and 4.61 show the snapshots of the top and rear views of the wake geometry for a
rotor executing an SPS roll reversal at various instances in time during the maneuver.
The wake roll up on the advancing side intensifies as the rotor banks towards starboard
— see Fig. 4.60(a) and (b). The rapid transition from the a starboard roll to a port roll
is associated with the bundling of tip vortices (Fig. 4.60(b) and (c)) as was observed
in Fig. 4.25(e). However, the bundled tip vortex structure is quickly convected away
and below the rotor, as is evident from Fig. 4.61(c). The roll to port (Figs. 4.60(d)–
(f)) shows considerable reorganization of the wake structure because of the formation,
convection and breakdown of the bundled vortex ring structure.
Figure 4.62 shows the contours of the lift over the rotor disk for an SPS maneu-
ver. As with the starboard roll maneuver, the most intense BVI occurs when the rotor
quickly transitions from a starboard roll to a port roll — see Fig. 4.62(b). The vor-
tex ring structure is convected away from the TPP (Figs. 4.61(c)–(e)) and the steep
gradients in the lift contours disappear. The roll to port and the final transition to
straight-and-level flight is fairly benign in comparison to the intense BVI observed












































Figure 4.59: Time-histories of the roll rate p and the roll attitude φ for a representative,

























































































(d) t = t0 +21 revs
Figure 4.60: Top views of the predicted wake geometries for a rotor undergoing an
SPS roll reversal, µ = 0.093: (a) Halfway into starboard roll, (b) rotor at maximum


























































































(h) t = t0 +31 revs
Figure 4.60: (Cont’d.) Top views of the predicted wake geometries for a rotor un-
dergoing an SPS roll reversal, µ = 0.093: (e) Rotor rolling towards port, (f) rotor
at maximum bank angle towards port, (g) rotor returning to straight and level flight

















































(d) t = t0 +21 revs
Figure 4.61: Rear views of the predicted wake geometries for a representative, four-
bladed rotor undergoing an SPS roll reversal, µ = 0.093: (a) Halfway into starboard
roll, (b) rotor at maximum bank angle towards starboard, (c) rotor commencing roll

















































(h) t = t0 +31 revs
Figure 4.61: (Cont’d.) Rear views of the predicted wake geometries for a rotor un-
dergoing an SPS roll reversal, µ = 0.093: (e) Rotor rolling towards port, (f) rotor
at maximum bank angle towards port, (g) rotor returning to straight and level flight





































































































(d) t = t0 +21 revs
Figure 4.62: Contours of the non-dimensional lift distribution for a representative,
four-bladed rotor undergoing an SPS roll reversal, µ = 0.093: (a) Halfway into star-
board roll, (b) rotor at maximum bank angle towards starboard, (c) rotor commencing





































































































(h) t = t0 +31 revs
Figure 4.62: (Cont’d.) Contours of the non-dimensional lift distribution for a rep-
resentative, four-bladed rotor undergoing an SPS roll reversal, µ = 0.093: (e) Rotor
rolling towards port, (f) rotor at maximum bank angle towards port, (g) rotor return-
ing to straight and level flight condition, (h) rotor operating at steady descending flight
condition.
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Port-Starboard-Port (PSP) Roll Reversal
Figure 4.63 shows the time-histories of p and φ imposed on the rotor during a port-
starboard-port (PSP) roll reversal maneuver. Figures 4.64 and 4.65 show the top and
rear wake snapshots at different instances in time for a rotor executing a PSP roll re-
versal. As the rotor rolls to port, the tip vortices roll up more tightly on the retreating
side. The transition from the port to starboard roll causes a bundling of tip vortices
over the advancing side of the rotor disk — see Fig. 4.64(c). However, as the ro-
tor rolls to starboard the bundled vortex structure is convected below the rotor and
does not have an appreciable affect on the lift distribution over the rotor disk. Notice
that the transition back to straight-and-level flight is associated with a formation of a
secondary vortex bundle on the advancing side. The secondary vortex bundle slowly
convects across the rear of the rotor disk as the rotor returns to the steady level flight
condition, as shown in Fig. 4.64(f)–(h).
Figure 4.66 shows the corresponding contour plots of the lift distribution over the
rotor disk. The interactions between the rolled-up vortex bundle from the retreating
side of the disk and rotor blades manifest as impulsive airloads (see Figs. 4.66(a) and
(b)). As the rotor transitions from port to starboard roll, the BVI on the retreating
side disappears and the bundled tip vortex structure formed on the advancing side
(Fig. 4.64(c)) causes new BVIs on the advancing side. The BVI on the advancing side
persists for the entire duration of starboard roll, as shown in Figs. 4.66(c) through (f).
As the helicopter returns to straight-and-level flight conditions, the vortex bundle on
the retreating side interacts briefly with the rotor causing BVIs over the retreating side
of the disk (Fig. 4.66(f)). The secondary vortex structure on the advancing side, as
mentioned previously, causes additional BVIs over the advancing side of the disk as












































Figure 4.63: Time-histories of the roll rate p and the roll attitude φ for a representative,

























































































(d) t = t0 +21 revs
Figure 4.64: Top views of the predicted wake geometries for a representative, four-
bladed rotor undergoing a PSP roll reversal, µ = 0.093: (a) Halfway into port roll, (b)
rotor at maximum bank angle towards port, (c) rotor commencing roll reversal, (d)

























































































(h) t = t0 +31 revs
Figure 4.64: (Cont’d.) Top views of the predicted wake geometries for a rotor under-
going a PSP roll reversal, µ = 0.093: (e) Rotor rolling towards starboard, (f) rotor at
maximum bank angle towards starboard, (g) rotor returning to straight and level flight

















































(d) t = t0 +21 revs
Figure 4.65: Rear views of the predicted wake geometries for a representative, four-
bladed rotor undergoing a PSP roll reversal, µ = 0.093: (a) Halfway into port roll, (b)
rotor at maximum bank angle towards port, (c) rotor commencing roll reversal, (d)

















































(h) t = t0 +31 revs
Figure 4.65: (Cont’d.) Rear views of the predicted wake geometries for a rotor under-
going a PSP roll reversal, µ = 0.093: (e) Rotor rolling towards starboard, (f) rotor at
maximum bank angle towards starboard, (g) rotor returning to straight and level flight





































































































(d) t = t0 +21 revs
Figure 4.66: Contours of the non-dimensional lift distribution for a representative,
four-bladed rotor undergoing a PSP roll reversal, µ = 0.093: (a) Halfway into port roll,
(b) rotor at maximum bank angle towards port, (c) rotor commencing roll reversal, (d)





































































































(h) t = t0 +31 revs
Figure 4.66: (Cont’d.) Contours of non-dimensional lift distrbution for a rotor under-
going a PSP roll reversal, µ = 0.093: (e) Rotor rolling towards starboard, (f) rotor at
maximum bank angle towards starboard, (g) rotor returning to straight and level flight
condition, (h) rotor operating at steady descending flight condition.
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4.3.3 Quickstop Maneuver
In a quickstop maneuver, a near hovering flight condition is obtained by abruptly
decelerating the helicopter by using cyclic inputs to pitch the helicopter to a steep,
nose-high attitude. The decelerating force is provided mainly by the backward reori-
entation of the rotor thrust vector. This is a common military maneuver that involves
large angular rates, large displacements, and relatively short time scales. The quick-
stop maneuver simulation in this case was performed from a low speed descending
flight condition with an advance ratio µ = 0.093 and a flight path angle γ = −6◦.
The GENHEL simulation (Ref. 32) was used to provide the pilot control inputs that
would be necessary (Fig. 4.67). Collective and lateral cyclic inputs are also applied
to trim the helicopter along the desired flight trajectory. Again, the time-histories of
the control settings, the free stream conditions and the rotor attitudes were prescribed
as inputs to the free-vortex wake simulation. Figure 4.67(a) shows the longitudinal
cyclic pitch applied to the rotor to perform this maneuver. This input causes the rotor
to pitch nose-up to an angle of attack of over 60◦ – see Fig. 4.67(c).
Figure 4.68 shows the flight speeds and the predicted thrust time-history. As the
rotor TPP tilts backwards, the rotor thrust vector is directed rearwards providing the
decelerating force. The magnitude of the rotor thrust also increases rapidly as the
rotor pitches nose up. Notice that there is a second peak in the rotor thrust time-
history. This occurs because of the formation, accumulation and bundling of wake
vorticity below the rotor (i.e., the formation of a vortical ring).
Figures 4.69 and 4.70 show the top and side views, respectively, of the predicted
wake geometry at various instants in time during the quickstop maneuver. Figure 4.71
shows the corresponding contours of the lift distribution over the rotor disk. Immedi-



































































Figure 4.67: Time-histories of the longitudinal cyclic pitch input, pitch rate and the
corresponding pitch attitude during a quickstop maneuver: (a) Longitudinal cyclic,
































































Figure 4.68: Time-histories of the forward flight speed, the vertical flight speed and
the predicted thrust to weight ratio for a representative, four-bladed rotor performing


























































































(d) t = t0 +15 revs
Figure 4.69: Snapshots of the top view of the wake geometry during a quickstop
maneuver: (a) Steady descending flight, (b) rotor enters maneuver, (c) rotor operat-


























































































(h) t = t0 +35 revs
Figure 4.69: (Cont’d.) Snapshots of the top view of the wake geometry during a
quickstop maneuver: (e) Rotor returns to normal orientation, (f) bundled tip vortices
move downstream, rotor in hover operating condition, (g) disturbances in wake move
farther away from rotor, (h) rotor slowly returns to hovering condition.
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and retreating side of the disk causes the wake to contract (see Fig. 4.69(b)).
Changes in the rotor wake geometry can also be observed on the rotor lift dis-
tribution in the second quadrant of the disk. As the rotor pitches upward, the wake
bundling further intensifies into a vortical ring, which manifests as an effect on the
airloads in the first and fourth quadrants of the rotor disk. This is clearly observed in
Fig. 4.69(c). The increase in relative velocity upward through the rotor at this high an-
gle of attack pushes the bundled tip vortices through the rotor disk (see Fig. 4.70(c)).
Large gradients in the rotor lift distribution are observed at the positions where the
accumulated vortical ring structure interacts with the rotor blades (see Fig. 4.71(c)).
Figure 4.70(d) shows the side view of the wake geometry after the rotor has at-
tained maximum pitch attitude. The vortical ring bundle is now very much in the
plane of the rotor. The vortical ring that was generated during the pitch-up maneuver
has been convected further downstream, and a new vortical ring is then formed at the
leading edge of the rotor. This second ring passes through the rotor disk and creates a
steep gradient in the lift distribution over the leading edge — see Fig. 4.71(d). How-
ever, as the rotor returns to its original orientation, the vertical component of the free
stream velocity decreases and the higher induced inflow through the rotor convects
the wake below the rotor disk (see Fig. 4.70(e)).
The convection of the wake through the rotor disk produces yet another distur-
bance in the rotor thrust time-history. The rotor is now effectively close to the hov-
ering state, however, the rotor lift distribution is still far from axisymmetric. This
is because the rotor airloads are still being affected by the evolution and convection
of the downstream wake. The vortical ring is eventually convected well downstream
and away from the rotor disk. Adjustments in the geometry of the far wake can still

























































































(d) t = t0 +15 revs
Figure 4.70: Snapshots of the side view of the wake geometry during a quickstop
maneuver: (a) Steady descending flight, (b) rotor enters maneuver, (c) rotor operat-


























































































(h) t = t0 +35 revs
Figure 4.70: (Cont’d.) Snapshots of the side view of the wake geometry during a
quickstop maneuver: (e) Rotor returns to normal orientation, (f) bundled tip vortices
move downstream, rotor in hover operating condition, (g) disturbances in wake move
farther away from rotor, (h) rotor slowly returns to hovering condition.
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again the relatively long time scales (and accompanying high computing costs) that


















































































































(d) t = t0 +15 revs
Figure 4.71: Contours of the non-dimensional lift distribution during a quickstop ma-
neuver: (a) Steady descending flight, (b) rotor enters maneuver, (c) rotor operating at


















































































































(h) t = t0 +35 revs
Figure 4.71: (Cont’d.) Contours of the non-dimensional lift distribution during a
quickstop maneuver: (e) Rotor returns to normal orientation, (f) bundled tip vortices
move downstream, rotor in hover operating condition, (g) disturbances in wake move




Numerical simulations of helicopter aerodynamic response during flight maneuvers
are a daunting task. The capability to accurately capture the nonlinear rotor wake
evolution under unsteady flight conditions has been identified as critical to successful
prediction of blade loads, helicopter performance and noise characteristics, during all
types of maneuvers. The work reported in this dissertation attempts to gain a deeper
understanding of the complex physical features associated with maneuvering rotor
wake, and its impact on transient rotor airloads and rotor noise.
This final chapter summarizes the main observations and conclusions drawn from
this work, as well as suggestions are given for future research on helicopter rotor
aerodynamics. Chapter 1 has introduced the problem of maneuvering flight with an
emphasis on the complex physical nature of the rotor wake under non-steady flight
conditions. A brief survey of the existing methodologies available for solving the
rotor wake aerodynamic problem showed several shortcomings, which render many of
them unsuitable for solving of the maneuvering rotor wake problem. Furthermore, the
proper treatment of the viscous diffusion and strain effects were found to be lacking
in almost all the existing methodologies. These issues must be addressed before the
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numerical model can be applied to study the maneuvering rotor problem with any
better levels of confidence. The development and validation of a time-accurate wake
aerodynamic computational model, and the study of the wake aerodynamics during
helicopter maneuvers, were the two main objectives of work reported in the present
dissertation.
Chapter 2 has described the methodology used in the present work. The discretiza-
tion of the governing equations for the wake dynamics, the numerical algorithm, and
the stability and accuracy of the algorithm were presented in detail. The equations for
the lift and drag on individual blade sections and the blade flapping were described
next, along with a description of the solution methodologies for these problems. The
predictions of the transient thrust, blade flapping, and unsteady inflow response were
validated with available experiments and the results were presented in Chapter 3. Fi-
nally, Chapter 4 has presented the predictions from the free-vortex wake analysis for
various idealized and free-flight maneuvers. The maneuver simulations provided con-
siderable insight into the complicated rotor wake aerodynamics, and their impact on
rotor airloads and noise levels.
5.1 Summary
A literature survey has indicated that existing numerical methodologies for wake mod-
eling often make several simplifying assumptions or suffer from numerical instabil-
ities and, therefore, lack the fundamental capability to capture the highly nonlinear
wake aerodynamics during flight maneuvers. The primary focus of this dissertation
was to develop and validate a time-accurate, rotor wake model capable of comput-
ing the wake response under arbitrary flight conditions. Stability and accuracy of
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the difference operators used for the numerical solution of the discretized governing
equations has long been a problem for helicopter aerodynamicists. The rotor wake is
inherently unstable under certain flight conditions. Therefore, the numerical scheme
must be sufficiently accurate to be capable of capturing these physical features. Fur-
thermore, the scheme must be stable so that the physical instabilities do not excite
other instabilities arising from numerical artifacts.
A two-step backward predictor-corrector numerical algorithm for the time dis-
cretization along with a five-point central difference scheme for the space difference
operator was used to solve the wake governing equations. This scheme retains an
overall second-order accuracy and has certain interesting features that make it stable
and convergent compared to other existing schemes. The error terms are independent
of the gradients of the local velocity field and, therefore, the stability of the scheme is
independent of the flight condition. Furthermore, the scheme provides a fourth-order,
implicit positive damping, which improves the stability of the wake solution while
still retaining overall second-order accuracy of the scheme.
Proper treatment of the viscous diffusion and filament strain effects was another
aspect found lacking in most existing methodologies. The present analysis imple-
ments a vortex core growth model, which accounts for both laminar and turbulent dif-
fusion effects over a wide range of Reynolds numbers. The integrated effects of the
local strain field were incorporated as a correction to this vortex core growth model.
The combined strain-diffusion model was implemented within the framework of the
free-vortex wake algorithm as a three sub-step process during each time step. This
method has been successfully validated with experimental results.
The blade aerodynamics model has been carefully implemented to account for
all of the important unsteady effects that the blades might encounter during flight
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maneuvers. The blade flapping equations were extended to include the additional
inertial terms arising from rolling and pitching motion of the helicopter. The rotor
trim methodology was enhanced to provide torque balance solution for a net system
thrust for coaxial rotor configurations. A wave-tracing algorithm was implemented
to obtain BVIs from the free-vortex wake geometry solution, and was used determine
the principal directions of sound propagation from BVI locations with supersonic
trace Mach numbers.
The methodology developed was used to simulate the wake response to pertur-
bations of control pitch inputs and the results were compared with available exper-
iments. The predictions of the transient rotor thrust, blade flapping, and the wake
induced inflow response, in general, show good agreement with measurements. Qual-
itative comparisons of the wake geometry and validation of rotor performance with
available experiments were also performed for rotors operating in ground effect and
coaxial rotor configurations. While these cases are not maneuvers, they have hitherto
proven to be a challenge to the existing wake methodologies and are ideal candidates
for testing the capabilities of the free-vortex wake model developed in the present
work. These results demonstrate the applicability of the free-vortex methodology for
arbitrary maneuvering flight conditions as well as arbitrary rotor configurations.
5.2 Conclusions
A time-accurate free-vortex wake model was successfully developed and validated for
maneuvering flight conditions. It was observed that the wake response to changes in
control pitch settings is highly nonlinear and occurs with a significant temporal lag.
The key conclusions drawn from the present work have been summarized below:
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5.2.1 Wake Response to Control Pitch Perturbations
1. A minimum wake resolution of 2.5◦ is required for the prediction of the un-
steady airloads and acoustics associated with BVI events on the rotor. Higher
resolutions are obviously desirable for quantitative evaluation of rotor acoustics,
but they are obtained only at much higher computational cost. The velocity field
interpolation technique offers some benefits of cost reduction while still allow-
ing the wake to be computed at good resolutions.
2. A change in the rotor operating conditions (such as through collective or cyclic
control pitch inputs) is accompanied by the bundling of individual tip vortices
in the wake below the rotor, forming a toroidal ring of accumulated vorticity.
This behavior is also seen in experiments. There is a considerable lag in the
development of the inflow and rotor airloads when these bundles of vorticity
are in the vicinity of the rotor.
3. It was found that starting vortex rings become unstable as they propagate through
the rotor wake. The rings tend to develop a series of short wavelength Kelvin
waves, which grow in amplitude with time. Eventually, the rings break down as
they age, or as they are convected further downstream into the far wake of the
rotor.
4. Time-histories of rotor airloads show significant overshoots, almost twice the
final steady state value, in response to ramp changes in collective pitch. Anal-
ysis of the wake geometries at these time instances indicate that the overshoots
are caused by the lag in the development of the wake, i.e., a circulatory effect
and not an apparent mass (or non-circulatory) effect as has been claimed in the
previously, in the published literature.
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5. Periodic changes in blade control pitch inputs cause the continuous formation
and propagation of a series of vortex bundles. In the case of collective pitch
inputs, the wake vortices form into a series of stacked rings, whereas for cyclic
pitch inputs the bundles take on a distinct helicoidal form. In both cases, the
temporal dynamics of the wake evolution has a significant effect on the ampli-
tude and phase of the unsteady flow environment at the blades.
6. Large amplitude maneuvering flight problems involve characteristically long
time-scales in the wake re-adjustments. With transient maneuvers, the wake
dynamics needs to be simulated for a large number of rotor revolutions. This
imposes a considerable computational penalty in the simulation of maneuvers
in comparison to steady flight simulations.
5.2.2 Wake Response During Maneuvers
1. The dependence of wake dynamics on past events imposes additional compli-
cations while considering a particular flight operating as a series of transient
maneuvers. The sequence in which the maneuvers are performed is important
for the accurate prediction of the time-history of the airloads in such cases.
2. Popup and popdown maneuver simulations show the characteristic bundling of
tip vortices in the wake below the rotor whose evolution is nonlinear in time.
The effect of these wake dynamics are not captured sufficiently well by lin-
earized wake models. The nonintuitive wake dynamics, in such simple maneu-
vers, emphasizes the need for a comprehensive wake and blade aerodynamic
model to describe more general maneuvering flight problems.
3. The combination of asymmetries in the wake geometry in forward flight and the
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temporal lag in the wake response to changes in flight condition cause the wake
to respond differently to port and starboard roll maneuvers. The lift distribution,
BVI locations and acoustic directivity patterns were shown to be significantly
different for the two maneuvers. Roll reversal maneuvers further emphasize
the sensitivity of the transient wake dynamics to the nature of maneuver being
performed. The lift distributions were shown to be significantly different for the
PSP and SPS roll reversals, mainly because of the high temporal lag effects in
the wake.
4. The starboard and port roll maneuver simulations show that the wake aerody-
namics is extremely sensitive to the roll rate. When the transient roll rates are
as high as 60◦/s, the wake exhibits a strong tendency to bundle into tip vortices,
which can then interact closely with the rotor blades. Reducing the maximum
transient roll rate to about 35◦/s was shown to considerably mitigate the steep
gradients in the blade lift distributions for the starboard roll maneuver. How-
ever, reduction in the maximum transient roll rate for the port maneuver did
not alleviate the impact of the bundled tip vortices. This further emphasizes the
asymmetries in the rotor wake evolution and its dependence on the sequence in
which transient maneuvers are performed.
5. Time-histories of the blade flapping dynamics during starboard and roll ma-
neuvers show that the individual blades track independent paths during the ma-
neuver, i.e., the rotor does not behave as a solid disk. Furthermore, there are
differences in the blade flapping time-histories depending on whether a star-
board or port roll maneuver is performed. These differences are because of the
different unsteady aerodynamic environment experienced by the blades during
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the maneuver. This indicates a strong coupling that exists between the rotor
blade flapping and the rotor wake.
6. The potential actions of a human pilot operating the helicopter was observed to
have a significant effect on the wake aerodynamic response. It was shown that
small perturbations of the control pitch inputs by pilots to fly a desired trajectory
had a severe impact on the noise generated by the rotor. The interaction of this
bundled tip vortex structure with the rotor blades causes steep gradients in the
lift distribution associated with a “super-BVI” phenomenon.
7. The quickstop maneuver demonstrated that the formation of a vortex ring struc-
ture is not restricted to axial flight conditions, and instead seems to be an in-
herent response of the wake to changes in the rotor loads and flight conditions.
The dynamics of the ring structure during maneuvers is dependent on the type
of maneuver performed and is unintuitive in many cases.
5.2.3 Other Applications of Free-Vortex Wake Methodology
1. Analysis of the wake geometry for rotors hovering in ground effect shows that
the tip vortices move radially inward immediately below the rotor TPP. As they
approach the ground, they begin to convect radially outward. The tip vortices
begin to pair up as they convect outward from the rotor axis forming a bun-
dle near the ground. The vorticity associated with the tip vortices in the far
wake was found to increase because of filament stretching as the vortices are
convected radially outward.
2. The transition of rotors from hovering flight into forward flight IGE shows ev-
idence of a leading-edge ground vortex. The ground vortex is quickly pushed
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downstream of the rotor and disappears with increase in forward flight speed.
The interaction of the ground vortex with the rotor blades cause a slight increase
in the power requirements as the rotor transitions into forward flight. However,
with increasing advance ratios the power requirements for rotors IGE is almost
the same as rotors operating OGE.
3. For a coaxial rotor system operating at a net system thrust and torque balance
conditions, it was observed that the upper rotor generates a higher percentage
of the net thrust. This is because the lower rotor operates in the downwash of
the upper rotor and, therefore, has a higher net inflow through the rotor disk and
must operate at a lower thrust to generate the same torque as the upper rotor.
It was further observed that the difference in the thrust sharing increased as the
separation distance between the rotors was increased because the lower rotor
operates in a fully developed wake of the upper rotor, albeit only over a smaller
percentage of the rotor disk.
5.3 Recommendations for Future Research
The work reported in this dissertation has successfully developed a time-accurate,
free-vortex wake model capable of simulating rotor wake aerodynamics under arbi-
trary maneuvering flight conditions. While the predictions show good agreement with
the existing experimental measurements, there are several issues that need to be ad-
dressed to improve its capabilities and its applicability to a wide range of rotorcraft
problems. The recommendations for future work are enumerated below:
1. The capabilities of the free-vortex wake model are still limited by the computa-
tional expenses involved in the computation of the induced velocity field using
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Biot–Savart law. Presently, the finest resolution used to simulate maneuvers is
∆ψ = 2.5◦. While computations at these resolutions are acceptable for aerody-
namic analyses, finer resolutions (∆ψ < 1◦) are necessary for better quantitative
predictions of BVI noise. The computations can be considerably accelerated
by implementation of a Fast Multipole algorithm, which was specifically de-
veloped to accelerate the computational speed of particle–particle interaction
problems. Furthermore, extending the numerical algorithm to parallel compu-
tational capabilities will allow considerable cost saving benefits during simula-
tions of maneuvers at these high numerical resolutions.
2. The wake aerodynamic methodology must be coupled with a comprehensive
flight dynamics code to allow for proper simulation of free flight maneuvers in
a closed-loop manner. This approach will remove several deficiencies experi-
enced in the present calculations. A proper free-flight trim solution is possible
with a coupled flight dynamics–wake aerodynamics model. Also, the effects
of the fuselage and tail rotor dynamics during maneuvers can be accounted for
in the calculations. This will allow comprehensive validation of the aerody-
namic predictions from free-vortex wake model with UH-60A flight test data.
Currently, this is not feasible because the information of the helicopter motion
during a maneuver needs to be prescribed to the free-vortex rotor model. Also a
comprehensive validation would require a better blade dynamics model, which
would allow for a fully deforming blade.
3. The present analysis uses an unsteady aerodynamics model that accounts for
only changes in the angle of attack and pitch rate. Changes in Mach number
are not taken into account. This effect can become important in maneuvers
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where there is a considerable fluctuation of the incident blade velocities. The
indicial model can be extended to account for changes in Mach number along
with perturbations in angle of attack.
4. The methodology can be enhanced with the addition of a vortex panel method
to solve for problems involving wake–fuselage interaction. Vortex panel simu-
lations can also be used to simulate ground effect problems where the ground
plane is non-planar, e.g., helicopters operating over ship decks, where part of
the rotor is above the ship deck and experiences a ground effect while the rest
of the disk is operating out of ground effect.
5. Quantitative measurements of the wake geometry are still lacking for several
flight conditions. These measurements are necessary to fully validate the pre-
dictions of the free-vortex wake methodology for maneuvering flight condi-
tions. Detailed measurements of the wake evolution during unsteady flight con-
ditions must be performed to better understand the wake aerodynamics under
these flight conditions, and also evaluate any limitations of free-vortex meth-
ods. Presently the model assumes that the rotor wake rolls up into tip vortices
within a short distance behind the rotor, which might not be fully justifiable
under all flight conditions. The evolution of the vortex sheet and its subsequent
rollup needs to be analyzed for maneuvering flight conditions. The physics
of the sheet rollup must be studied experimentally. Evidence of the impact of
the inboard sheet on the rotor airloads must be found to justify the additional
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11–13, 2002.
[8] Brentner, K., Lopes, L. V., Chen, H. N., and Horn, J. F., “Near Real-Time
Simulation of Rotorcraft Aeroacoustics and Flight Dynamics,” Proceedings
of the 59th Annual Forum of the American Helicopter Society International,
Phoenix, AZ, May 6–8, 2003.
[9] Hennes, C. C., Chen, H., Brentner, K. S., Ananthan, S., and Leishman, J. G.,
“Influence of Transient Flight Maneuvers on Rotor Wake Dynamics and Noise
Radiation,” AHS 4th Decennial Specialist’s Conference on Aeromechanics,
San Francisco, CA, January 21–23, 2004.
[10] Chen, H.-N., Brentner, K., Ananthan, S., and Leishman, J. G., “A Computa-
tional Study of Helicopter Rotor Wakes and Noise Generated During Transient
Maneuvers,” Proceedings of the 61st Annual Forum of the American Heli-
copter Society International, Grapevine, TX, June 1–3 2005.
[11] Schmitz, F. H., “Rotor Noise,” In Aeroacoustics of Flight Vehicles: Theory and
Practice, Vol. 1. NASA Reference Publication, August, 1991, Ch. 2, p. 1258.
[12] Leishman, J. G., “Sound Directivity Generated By Helicopter Rotors Using
Wave Tracing Concepts,” Journal of Sound and Vibration, Vol. 221, No. 3,
1999, pp. 415–441.
[13] Caradonna, F., Kitaplioglu, C., McCluer, M., Baeder, J., Leishman, J. G.,
Rahier, C. G., Jobard, J., and Rule, J., “A Review of Methods for Prediction
271
of BVI Noise,” American Helicopter Society Technical Specialist’s Metting in
Rotorcraft Acoustics and Aerodynamics, Williamsburg, VA, 1997.
[14] Leishman, J. G., “Aeroacoustics of 2-D and 3-D Blade Vortex Interaction Us-
ing the Indicial Method,” American Helicopter Society 52nd Annual Forum,
Washington, DC, June 4–6, 1996.
[15] Bagai, A., and Leishman, J. G., “Free-Wake Analysis of Tandem, Tilt-Rotor
and Coaxial Rotor Configurations,” Journal of the American Helicopter Soci-
ety, Vol. 41, No. 3, July, 1996, pp. 196–207.
[16] Crouse, G. L., Leishman, J. G., and Bi, N., “Theoretical and Experimental
Study of Unsteady Rotor/Body Aerodynamic Interactions,” Journal of the
American Helicopter Society, Vol. 37, No. 1, January, 1992, pp. 55–65.
[17] Singh, R., and Baeder, J. D., “On the Significance of Transonic Effects on
Aerodynamics and Acoustics of Blade-Vortex Interactions,” 2nd AIAA/CEAS
Aeroacoustics Conference, State College, PA, May, 1996.
[18] Boisard, R., and Baeder, J. D., “Impact of Three-Dimensional and Compress-
ible Effects of Blade Loading on BVI Noise Signature,” Proceedings of the
American Helicopter Society 57th Annual Forum, Washington D.C., May 9–11
2001.
[19] Griffiths, D., and Leishman, J. G., “A Study of Dual-Rotor Interference and
Ground Effect Using a Free-Vortex Wake Model,” Proceedings of the 58th
Annual Forum of the American Helicopter Society International, Montréal
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